CYCLE CLASSES ON THE MODULI OF K3 SURFACES IN POSITIVE 

CHARACTERISTIC 



TORSTEN EKEDAHL AND GERARD VAN DER GEER 

Abstract. This paper provides explicit closed formulas in terms of tautological classes 
for the cycle classes of the height and Artin invariant strata in families of K3 surfaces. The 



proof is uniform for all strata and uses a flag space as the computations in |EG10| for the 
Ekedahl-Oort strata for families of abelian varieties, but employs a Fieri formula formula to 
determine the push down to the base space. 



1 Introduction 

Moduli spaces of algebraic varieties in positive characteristic possess stratifications for which 
there are no analogues in characteristic zero. Besides the moduli of abelian varieties, where 
this phenomenon has attracted a lot of attention, the moduli of K3 surfaces provide a beautiful 
example. The middle de Rham cohomology of a K3 surface in positive characteristic carries two 
filtrations, the Hodge filtration and the conjugate filtration. The relative position of these two 
filtrations yields an invariant of the K3 surface and leads to a stratification of the moduli of 
polarized K3 surfaces. The strata are indexed by the height of the formal Brauer group of the 
K3 surface and by the Artin invariant if the K3 surface is supersingular (in Artin's sense). 

It is the purpose of this paper to calculate closed formulas for the cycle classes of these strata. 
For the strata indexed by the height of the formal Brauer group this was done in 1GK00| m a 



somewhat ad hoc manner, but for the more elusive strata parametrized by the Artin invariant 
this problem remained open. We consider here the moduli of K3 surfaces together with an 
embedding of a non-degenerate lattice in the Neron-Severi group. In the case of abelian varieties 



it was shown |EG10| that for computing the classes the algebraic group Sp(2g) played an essential 
role. By analogy with the complex one would perhaps expect that in the case of K3-surfaces the 
special orthogonal group SO(n) would play a similar role. This is almost but not quite the case, 
it turns out that it is rather the full orthogonal group 0{n) that governs the situation. When 
the dimension n (of the primitive part of cohomology) is odd the distinction between SO(n) and 
0(n) is not really seen (essentially as 0(n) acts trivially on the Dynkin diagram). The case of an 
even n is markedly different (as this time 0{n) acts non-trivially on the Dynkin diagram). If we 
consider the relevant homogeneous space, the space of isotropic 1-dimensional subspaces in the 
orthogonal n-dimensional vector space, the poset of Schubert varieties is not a total order; there 
are two mid-dimensional incomparable Schubert varieties (which are permuted under 0(n)). On 
the other hand the strata given by height and Artin invariant seems to form a linearly ordered 
stratification. The solution to this conundrum is that there is a deformation invariant, the Hodge 
discriminant which, depending on its value, excludes one of the mid-dimensional strata and leaves 
us with a linearly ordered set of strata. 

Apart from these complications that appear when n is even, our strategy for finding cycle 
class formulas is the same whether n is even or odd. Just as for the abelian case (cf., [loc. cit.]) 
we work with a space of complete flags extending the Hodge filtration and first obtain formulas 
there for the classes of strata that are in bijection with the Schubert cells on the complete flag 
space (of SO(n)). We then push down these formulas to the moduli space under consideration. 

At this point however we follow a strategy which is different from that used in [loc. cit.]: 
Instead of using formulas of Fulton and Pragacz we shall use a Fieri type formula. This introduces 
a new problem. This Fieri formula involves many different strata all of which will have to be 
pushed down to the moduli space. Comparing with the map from the complete flag space J-i(n) 
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(of SO(n)) to the space I{n) of isotropic 1-dimensional subspaces we have the following situation. 
In the case of T£{n) each Schubert cell of the complete flag space maps to a Schubert cell of X(n). 
For each Schubert cell of I{n) there is a unique Schubert cell of Tl{n) that maps isomorphically 
to it (the final cell in our terminology). All non-final cells map to a cell with positive dimensional 
fibres and hence their cycle classes will push down to 0. In our case the situation is the same up 
to first order. That means that the map on a final stratum is etale and on a non-final stratum it 
is non-separable. The degree with which a final stratum maps to a stratum on our moduli space 
can be computed (and usually is greater than 1) and the result is analogous to the abelian case. 
For a non-final stratum we can either see that its image is lower-dimensional, and hence can be 
ignored, or we can find a factorization, called a shuffle^ of the projection as an inseparable map 
of computable degree to another stratum and the projection of that latter stratum. Iterating 
this we either get that a stratum has lower-dimensional image or that the projection factors as 
an inseparable map (of computable degree) to a final stratum and the projection of the final 
stratum. This allows us to get a complete description of the push down of the formulas coming 
from the Fieri formula and hence formulas for the cycle classes of the strata on the moduli space. 

To give a feeling for the resulting formulas let us consider the simple case of the moduli space 
M of K3 surfaces with a polarization of degree d, prime to the characteristic of the field k. One 
has 20 strata Vw parametrized by so-called final elements w = Wi with i = 1, . . . , 20 in a Weyl 
group. The strata Vwj for j = 1, . . . , 10 are the strata of K3 surfaces with finite height j of the 
formal Brauer group, the stratum Vwn is the supersingular stratum and the strata indexed by 
Wj for j = 12, . . . , 20 correspond to K3 surfaces with Artin invariant 21 — j. Our result expresses 
the cycle classes as multiples of powers of the Hodge class Ai as the case m = 10 in the following 
theorem. For tt: X M the universal K3 surface this Hodge class is Ai — ci(7r,il^y^j). 

Theorem A TJie cycle classes of the Gnal strata Vw on the moduli space are polynomials in Ai 
with coefficients that are 1/2 times an integral polynomial in p ^ 2 given by 

i) [V^J = (p-l)(p'-l)---(/-^~l)A^i ifl<fc<m, 
ii) [V.™+.] - i(p-l)(p2-l)...(p"-l)Ar, 

' ^ 2 (p + 1) • • • (p^-fe+i + 1) 1 - - 



Remark: The factor 1/2 seems to be related to the fact that the formulas of |GK00| counts the 



infinite height stratum doubly (cf., |GK01|) 



The formulas for the height strata were already determined in | GKOO| . The above theorem 



corresponds to the case where n ~ 2m + 1 is odd. The more general case of moduli stacks of 
K3 surfaces with a marking of a non-degenerate lattice in their Neron-Severi group forces us to 
treat also the subtler case where n is even. We finish this paper by giving two examples that 
show that the even case appears quite naturally. 

When dealing with K3-surfaces we do not have to go further than n = 21. However, our 
results should also be applicable to other moduli spaces related to arithmetic subgroups of the 
orthogonal group, like moduli spaces of hyperkahler manifolds in positive characteristic which 
would give examples with larger n. 

Conventions: Throughout this paper we assume that the characteristic p is not 2 as orthogonal 
groups show a different behavior in characteristic 2. 



2 Combinatorics 



We start with an auxiliary section on the combinatorics of the Weyl groups associated to our 
orthogonal groups. We distinguish the B, C and D cases. 
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2.1 B and C combinatorics 

The Weyl group of S0(2m+1) can be identified with the subgroup of S'2m+i! the symmetric 
group on 2m+l letters, consisting of the permutations cr £ S2m+i, for which a{i)+a{2m+2~i) = 
2m + 2. We shaU specify such a permutation by giving the images of the 1 < i < m as 
[oi, 02, . . . , a,„]. Thus the conditions that this specify an element of is that ^ {aj, m + 
1, 2m + 2 — Qj} for all i ^ j- The elements which are reduced with respect to the set of roots 
obtained by removing the first root (so that the remaining roots form a root system of type 
Bm-i) are precisely those of the form [oi, 02, . . . , am] with ai ^ m + 1 and 02, . . . , am being an 
increasing sequence consisting of the first m — 1 integers > 1 which are different from ai and 
2m + 2 - ai (cf., ||BLOC| , §3.4]). We write them as Wa := [2m + 2 - a, 1, 2, 3, ... ] including of 



course examples such as [2,1,3,...] and [2m + 1,2,3,...]. We shall call these elements the final 
elements of W^. There are 2m final elements. We have W2m = 1 and we sometimes write 
for wi. 

The simple reflections Si for i — 1, . . . , m of W,^j are the permutations s; = (i, « + l)(2m+ 1 — 
i, 2m + 2 — i) for j = 1, . . . , m — 1 and Sm = {'m, m + 2). We also define the weight representation 
of on Z™ with basis vectors {i = 1, . . . ,m) given by, for a £ W^, 



€a(i) if <^{'i) ^ a-iid 

-e2m+2-CT(-0 if (^{i) > m. 



We thus can view as a reflection group of this lattice. In particular, for an element a € 
we have the reflection Sa in a with Sq(x) = x — {a, x)a; e.g. Si = s^.. 
For a permutation w of {1, 2, . . . , n} we define 

rw{i,j) = #{1 <a<i: w{a) < j} 

for 1 < i, j < n. It is clear that a permutation is determined by this function. The length of an 
element of "W^^ (in the sense of Coxeter groups) may be described in concrete terms as 

£{w) = # {1 < i < j < m I w(i) > w{j) } + # {1 < i < j < m | w(i) + wij) > 2m + 2 }. 

We shall occasionally have to deal with the Weyl group of Sp(2m). It has almost exactly 
the same description as except that it is seen as subgroup of S2m ■ 

Wg := {cr e S2mWii) + CT(2m + 1 - i) = 2m + 1} ; 

a correspondence between them is given by w G W,^j defining an element w' G by w' := 

awa~^ where a{i) = iifl<i<m and a(i) = i — lifm + l<i< 2m + 1. The length of an 
element is given by 

£{w) = # {1 < i < j < m I w{i) > w{j) } + #{l<i<j<m| w{i) + w{j) > 2m + 1 }. 

Finally, we define the discriminant, disc(?i') G {+1, —1}, of w G to be the signature of w as 
an element of S'2m+i- The reason for calling this homomorphism disc will appear later. 



2.2 D combinatorics 

The Weyl group W.^^ of S0(2m) consists of the permutations in a G S2m for which cr(i) + 
a{2m + 1 ~ i) = 2m + 1 and such that there is an even number of 1 < i < m for which 
a{i) > m. The subgroup of S2m fulfilling the same conditions except for the parity condition 
form a subgroup of 6*2™ which can be identified with the Weyl group WJ^ for Sp(2m). Hence 
is a subgroup of W,^j of index 2 and more precisely it is the kernel of the signature homomorphism 
disc: — i> ±1. We specify a permutation of W^j as [01,02, .. . ,0™]. Thus the conditions that 
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this specify an clement of is that ^ {aj , 2ri + 1 — Oj } for all i ^ j and it belongs to 
if also the number of ai with > m + 1 is even. The length of an element fulfils the formula 

i[w) = #{l<i<j<m \ w{i) > w{j) } + 4j={l<i<j<m \ w{i) + w{j) > 2m + 1 }. 

The simple reflections Sj, i = 1, . . . , m, of W^^ are the permutations Si = {i,i + l)(2m — i, 2m + 
1 — i) for i = 1, . . . , m — 1 and = (to — 1, m + 1)(to, to + 2). The simple reflections of are 
the Si, i = 1, . . . ,m — 1, and s'^ = (to, to + 1). We also have the weight representation of 
on Z"* with basis vectors Ci (i = 1, . . . , m) given by 



Note that the fact that the larger group is equal to is somewhat accidental. To us it will 
rather be the Weyl group of 0(2to) (as opposed to the Weyl group of S0(2to)) or, equivalently, 
as the group generated by W^^ and the non-trivial graph automorphism of Dm (which in the 
D4 case is the one permuting the last two vertices). From the latter point of view s'^ gives a 
non-trivial graph automorphism, indeed it commutes with Sj, 1<«<to— 1 and conjugation by 
it permutes Sm_i and s^. To emphasize this point of view we shall, when relevant, write the 
supergroup as . In this context we need a definition of length on that mimics the 
length of (rather than that of W^) and which we shall therefore denote (d: 

iD{w) = # {1 < j < j < TO I w{i) > w{j) } + #{l<i<j<m \ w{i) + w;(j) > 2to -h 1 } 

It has the property that its restriction to equals its natural length and that ^£)(ti;s^) = 



The elements which are reduced with respect to the set of roots of Dm obtained by removing 

the first root (so that the remaining roots form a root system of type Dm-i) are precisely 
those of the form [ai, 02, . . . , am] with (a2, . . . , am) being the lexicographically smallest sequence 
of integers making [ai, 02, . . . , a^] an element of W^. We write them as Wa ■= [2m -|- 1 — 
a, 1, 2, 3, ... ], including of course examples such as [2, 1, 3, . . . , to], [to + 1, 1, 2, . . . , to — 1, to + 2], 
and [2to, 2, 3, . . . , to — 1, to + 1]. We shall call these elements the final elements of W^. There 
are 2to final elements. The longest one is wi which we shall also denote W0. It has the reduced 
expression S1S2 • ■ • Sm~2Sm-iSmSm-2 • • • Si. We also put w'^. := Wks'm, and we shall call these the 
twisted final elements with the alternative notation for w[ . 

3 Flag spaces 

We shall be interested in fiags in a finite-dimensional orthogonal or symplectic space and we 
start by recalling some well-known facts. Let thus V be an n-dimensional vector space over a 
field k provided with a non-degenerate quadratic or symplectic form (—,—}. A flag (0) = Vq C 
Vi C V2 C . . . C of subspaces of V is called isotropic if the restriction of the form to Vr is 
zero. We say that the flag is maximal ifr = k := [n/2] (and hence dim(\^) = i). We can extend 
a maximal flag to a self-dual complete flag by putting Vj = V^_j. 

The group SO(n) does not always acts transitively on complete flags. Indeed, given a flag V, 
we get a canonical isomorphism det(y) = det(Vfc) 0det(V/Vfc). The pairing induces an isomor- 
phism Vk = (V/Vk)'^ and hence a canonical isomorphism det(V) = det(Vfc) {^(det(Vfc))~'^ = k. 
This gives us a canonical element ay^ & det{V). It satisfies ay^ = (— l)*^- Two flags V, and V,' 
are in the same orbit under conjugation by SO(n) precisely when ay^ = otvi, or equivalently 
precisely when dim(Vfe H Vj.) = k mod 2. 

Now, given a complete flag V, we may construct another complete flag V,' as follows: We let 
V- = Vi for i ^ k and then let be the unique maximal totally isotropic subspace containing 
Vfc_i and being contained in Vk+i that is distinct from 14. As Vk n = Vk-i we see that V, 
and V,' are not conjugate under SO(n). We shall call V,' the flip of V,. 




CYCLE CLASSES ON THE MODULI OF K3 SURFACES IN POSITIVE CHARACTERISTIC 



5 



When the space is symplectic or n is odd complete flags correspond precisely to Borel sub- 
groups of the symplectic or special orthogonal group; one associates to a flag its stabiliser. The 
orthogonal even case is different however. To us the main difference is the fact that SO(n) does 
not act transitively on complete flags. 

This leads us to introduce the notion of self-dual almost complete flag (when n = 2k) which 
is specified by an isotropic flag (0) = Vb C Vi C V2 C . . . C Vk-i where diml^ = i (and hence 
extended to a larger flag by putting Vj = V,^_j for fc + 1 < j < n). If we let Tn be the space of 
almost complete flags and the space of complete flags, then the forgetful map Tn is an 

etale double cover whose associated involution map T'^ — )■ T'^ is given by the flip. Furthermore, 
SO(n) acts transitively on Tn with stabilisers the Borel group of it. On the other hand 0(ri) 
acts transitively both on Tn and T'^. The stabilisers for the action on Tn are subgroups of 0(n) 
whose intersection with SO(n) are Borel subgroups and which map surjectively onto 0(n)/SO(n) 
whereas the stabilisers on J-'.^ are the Borel subgroups of SO(ri). 

More generally if we have an orthogonal vector bundle f — >■ X of constant rank n = 2k, then 
we have the bundle of almost complete flags J^{£) — >■ X and complete flags J^'{£) — > X and an 
etale double cover T'{£) — > -FiS)- This double cover is actually the pullback of a double cover 
of X: The quadratic form on £ induces a perfect quadratic form on det£, i.e., an isomorphism 
det£0det£ Ox- This isomorphism is multiplied by (—1)'^ and the result is used to 
define a double cover, the discriminant double cover, tt:Y ^ X with 7r,Oy = Ox © det 5 
and multiplication given by the (twisted by (— 1)*^) isomorphism detf 0detf Ox- The 
relativization of the construction of ay^ above gives us a section a of det £ over J^'{£) for which 
(after the twisting) has square 1. Hence we get a morphism J^'{£) — >■ Y which flts into a cartesian 
diagram 

P{£) )■ Y 

T{£) > X. 

The special properties of the even orthogonal case is the reason for the relevance of the group 
as the following proposition shows. It gives representatives for the orbits of pairs of flags. 

Proposition 3.1 i) Let ei, . . . , e2m be the standard basis of a symplectic space with (ci, Cj) = 
Si,2m+i-j for j > i. The orbits of the action of Sp(2m) on pairs of totally isotropic complete 
flags in 2m-dimensional space are in bijection with the elements of the Weyl group W^. The 
element w S corresponds to the orbit of {{J2j<i kcj), {J2j<i ^c-w-^ij)))- 

a) Let ei, . . . , e2m+i be the standard basis of an orthogonal space with {ci, ej) = di^2m+2-j- 
The orbits of the action of S0(2m + 1) on pairs of totally isotropic complete Bags in 2m + 1- 
dimensional space are in bijection with the elements of the Weyl group W^. The element 
w € corresponds to the orbit of {{J2j<i ke^), {J2j<i ke^-Hi)))- 

Hi) Let ei, . . . , e^m be the standard basis of an orthogonal space with (ej, ej) = Si^2m+i-j- 
The orbits of the action ofS0{2m.) on pairs of totally isotropic complete Hags in 2m-dimensional 
space are in bijection with the elements of the group W^. An element w in corresponds 
to the orbit of ((X^j<jkej), (X^j<j ke^j-iQ))). If {F,,D,) lies in the orbit corresponding to w, 
then disc w = (—1)'', where d — dim{Em H Dm)- Flipping the first Bag changes the type from w 
to ws'm and flipping the second changes it from w to s'^w. 

Proof: The first and second part is of course well known, the third part perhaps less so but 
in any case is just as easy to prove. □ 

We shall say that a basis such as in the proposition is adapted to the two flags. We shall also 
say that two complete flags are in relative position w for w in Wj^j, W^^ or respectively 
if they belong to the orbit above associated to w- Note that in the B and C cases we are 
dealing with orbits of G (which equals SO (2m +1), resp. Sp(2m)) on the product of flag spaces 
G/B X G/B and we are dealing with the well-known bijection between such orbits. In the even 
orthogonal case (and when k = k) flags are in bijection with 0(2m)/B, where is a Borel group 
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of S0(2to) (the stabiliser of a fixed flag) where of course 0(2m)/B has two components. Orbits 
under 0(2to) of pairs of flags are then in bijection with W^. We may however reduce ourselves 
at will to just the action of S0(2m) on S0{2m)/ B. Indeed, V, and U, are in relative position w 
precisely when Vt and U', are in relative position wsj^ where is the flip of J7, . 

All this relativizes to the situation of a symplectic or orthogonal vector bundle of rank V 
of rank n over a base 5* (in which 2 is invertible). We can then construct the flag bundle 
J-£{V) of complete self-dual flags in V. In the even orthogonal this factors as above through 
the discriminant cover, l?v, the double cover of S classifying sections a of det(V) of square 

= (—1)"'. The involution induced by a i— > —a of V over S extends to an involution of J-£{V) 
taking a flag to its flip. The same terminology will be used for partial flags that contain a middle 
dimensional member. 



4 F-zips 



Recall (cf., | |MW04 |) that an orthogonal or symplectic F-zip is a tuple (M, C*,D,, (/?,), where M is 



an orthogonal or symplectic vector bundle over a base of positive characteristic, = C C C"""^ C 
■ ■ ■ C C'^ ~ M and = ^ -Di C ■ • • C Dr — M are self-dual (not necessarily complete) 
flags on M and (p, a collection of isomorphisms ipi: F* {C^ / C'^~^^) — >■ Di+i/Di compatible with 
the isomorphisms C'+^/C^ ^ ^(jr-x /(jr-i-iy ^^^^ A+i/A ^ {Dr-^| Dr-^-lY induced 
by the pairing. If the rank of Di has the constant value Ui we say that the F-zip is of type 
n = (n^, n^-i, . . . , no). A flagged F-zip is an F-zip together with a complete self-dual flag 
= i?o C i?i C • • • C i?„ = M with C* = Em where := rk(C') (and rk(i?i) ^ i). We can use 
ip, to extend the D flag to a complete self-dual flag G, by the condition that Di+i C Gj' C Di 
when C" C Ej C C*^^, where f — j ~ nm-i-i — ni, m being the rank of M, and Gj> / Di+i = 
V,{F*{E,/C^)). 

We now want to introduce the stack of flagged F-zips. Starting from the algebraic stacks 
BO(m) and BSp(m) of orthogonal resp. symplectic vector bundles of rank m (over Z/p) one 
builds the algebraic stack ZJ^ of flagged F-zips (with rkD* = ni and just as we have fixed these 
ranks we fix whether or not we have a symplectic or orthogonal bundle). If we only have an 
incomplete (but still self-dual) flag extending C* we shall speak of a partially flagged F-zip and 
we can do the same construction getting a partial flag extending D, . A partially flagged F-zip is 
stable if for every i and every k we have that Gi fl C'^ + C^^^ is equal to some Ej or in relevant 
cases (middle part of) the flip of F, (where i and k are chosen so that Gi, and C^^^ are 
defined). 

If the rank of the flagged orthogonal F-zip (M, F, G) is even we can replace both F and G 
by their flips and it is easy to see that we get a new flagged F-zip which will be called the flip 
of the flagged F-zip. 

Fixing the rank, n, of M and t he t ype (symplectic or orthogonal) the relative position of the 



flags G* and D* is, by Proposition 3J, described by an element w of Wj^^g: ^^-i)/2' 
when the F-zip is symplectic, orthogonal with n odd, and orthogonal with n even respectively. 
This defines locally closed substacks ZF^ of Z!F consisting of those flags (of fixed type and 
ranks n) of relative position w. We now also fix the sequence n—[Q = n{)<ni<---<nr=n) 
where we demand that rk(£)i) = ni (in particular self-duality forces ni+i — = J^r-i — J^r-i-i) 
and let ^0 be the element of the appropriate Weyl group (as subgroup of Sn) that takes the first 
no integers to the last no (in order), the next ni — no integers to the ni — no last (still in order) 
and so on (that is, it sends the interval [ni -\- 1, n^+i] to [n -I- 1 — n^+i, n — n^] preserving order). 

Construction: Given an element w in the appropriate group we define a flagged F-zip over 
SpecFp[xy]i<i<j<„// as follows, where generators of the ideal / are specified below: 

• Ci, i = 1, . . . , n, is a basis for M with (e^, ej) — 5i_n+i-j for * 5; J- 

• G' has ei, . . . , ei as a basis and Di has et„-i(i), . . . , e^-i(^i) as a basis. 
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• For Uk <i < Uk+i we have Lpk{ei) = e„-i„j,(,) +Y.wf,wU)<^^^3^j ^"'^ ^n^-k-i- 

• The matrix Id„ + (xij) is syniplectic or orthogonal respectively with respect to the scalar 
product of the basis ei, . . . , e„. 

• Xij = unless i ^ j, where i ^ j precisely when w~^{i) > w~^{j) for ni < j < i < n^+i 
for some i with ni < n/2. 

When n is odd, then we can define another flagged F-zip over Spec Fp[a;ij]i<i<j<„// with the 
same definition except that we let (p{ei^ri+i)/2) = -e(«+i)/2+Eu,aw,0)<(«+i)/2 X(n+i)/2,jej instead 
of e(„+i)/2 + J2wf,wU)<{n+i)/2^(n+i)/2,jej- We therefore let be SpecFp[xij]i<j<j<„// if n is 
even and the disjoint union of two copies of it when n is odd. In both cases there is a fiagged 
F-zip J^n over K^. When n is even it is the one constructed. When n is odd we have the one with 

</'(e(«+i)/2) = e(„+i)/2 H on one copy and the one with '^(e(„+i)/2) = -e(„+i)/2 H on the 

other. By construction the two fiags are everywhere of type w. This gives us a map Y^; ZTw 

Proposition 4.1 The map — > ZTw is faithfully fiat. 

Proof: By assumption there is a frame space TJ^w ZT^ of bases of a versal fiagged F-zip 
on ZTw adapted to the two flags. It is a group torsor and hence faithfully flat so that it is 
enough to show that the induced map Y^ TTw is faithfully flat. There are functions for 
ne < j <i < ni+i such that ipe{ei) = xue^-i^^^i) +J2wiwU)<i^v(^3 ^lod Di, where xu ^ 0. Let 
T consist of the diagonal automorphisms i— > tiCi, where ti ■ tn+i~i = 1 and <(„+i)/2 = 1 if n 
is odd. It transforms a ip into another F-zip with xu — ■ As the endomorphisni of T 

given by {ti) (^uJ-itu9(i)*i') ^® separable (inducing —w~-^WQ{i) on the Lie algebra) we get that 
the map from the substack of TT^ with xa = 1 for i 7^ (n + l)/2 and xa = ±1 if j = (n -f- 1)/2 
to TTw is an equivalence and hence we may restrict to it. 

It remains to show that we may remove the Xij with ni < j < i < n^+i and w^^{j) < w^^{i). 
Under those assumptions, the change of basis e'^ — Ci + Xej, e^—ej— Ae,, with x — n + 1 — x, 
preserves both flags. We now have 

(^/c(e-) = (pfc(ei Acj) = et„-iu,(,(i) + ^ XikCk + {e.w-iw^(j) + ^ xue^) 

and we try to choose A such that the coefficient in front of ew-'^Wfi,(j) is equal to zero. This gives 
a monic equation in A with A^ as top term and hence defines a surjective finite fiat covering. 
We can repeat this construction in a way so that we take the largest i and j first in order for 
subsequent operations not to reintroduce non-zero coefficients in positions where they have been 
removed. At the end we get the chosen i^-zip on Y^ which shows fully faithful fiatness as each 
step is fully faithfully flat. □ 



5 The Hodge discriminant 

We shall now introduce a discriminant which is a Hodge theoretic description of Ogus' crystalline 
discriminant (deflned under slightly more general circumstances). For that we need the determi- 
nant of a complex in the sense of Mumford and Knudsen (cf., | KM76[ ). Recall that in order to get 



the signs right the determinant is a graded line bundle^ i.e., a pair (jn^C) where m is an integer 
and L a line bundle. This is then used in the commutativity isomorphism L^M M ^ L 
where the sign (—1)^™ is used, where £ and m are the degrees of L and M respectively. The 
coherence conditions proved in [loc. cit.] then shows that we get an unambiguous isomorphism 
between tensor products of the same graded line bundles in different order. 



We shall need one property of the determinant beyond those of [ foe, cit. , Def. 4]: If, for 
a perfect complex C of Os-modules, S a scheme, we let C* RIIom5(C, Cg), then we have 
a canonical isomorphism pc'- det(C)* det(C*) functorial for quasi-isomorphisms. Indeed, 
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this can be shown by verifyhig that C H> (det{C*))* verifies the conditions of [loc. cit., Def. 4] 
and hence by |loc. cit., Thm. 2] it is (canonically) isomorphic to C n- detC. (It can also be 
done by direct verification.) In any case note that we define the dual of a graded line bundle as 
(m, C)* = (-TO, C*) and that we identify {C M)* = M* C* by the pairing 

ic0M)iS){M*^c*) = c^{M^M*)^c* /:(g)0s(g)/:* ^£0/:* ^05, 

where we have used the above sign rule for the permutation. The unicity (as well as direct 
computation) also gives that we have a commutative diagram 

det(C*)* ) det(C)** 

(1) 

/ . ^ dct(cvr:) -, / ^\ 

det(C**) < — dct(C), 

where evp : C — t- C** is the evaluation map (and similarly for eY^ct{c))- If— >isa 
distinguished triangle of perfect complexes we have a distinguished triangle — > ^* — J^* — s> £* — >• 
and the resulting identification 

(det £ (g) det G)* = det(J')* = det(J'*) = det{g*) det(£*) = det{g)* det(£)* 

is then a special case of the above identification. 

Now, let TT : X — > 5 be a smooth and proper map of schemes of pure relative dimension n 
over a base S of positive characteristic p ^ 2. Let C be the determinant of i?7r,r2^y^ (which 
exists as i?7r,i7^yg is a perfect complex). By Poincare duality we have a canonical isomorphism 
(RTT^n^^g)* R7r^n^^g[—2n\ which upon taking determinants gives an isomorphism 

C* detiRTT^'xfsh'^n]) ^ C^-^^^^ = C. 

Now, Poincare duality gives a symmetric pairing and by (|l]) this gives a perfect symmetric pairing 
£0£ Os- On the other hand, the naive truncations^ of the de Rham complex give rise to 
distinguished triangles 



Taking determinants we get (cf., |loc. cit., Rmk after Thm. 2] for an explication) an isomorphism 

£ det(i?7r»fl^/5)(-^) . (2) 

1=0 

Similarly, we may use the canonical truncations to get a distinguished triangle 

— ?> i?7r,'H*(r2^yg)[ — i] —J- RTlfT>iVl\ig — > i?7r,T>i+ir2^y5 — J- . 



Recall (cf., ||179|, §2.1]) the Cartier isomorphism 7^*(Fx/5,fix/s) ~ '^^^^'^^ Fx/s- ^ ~^ 

X^^^ is the relative Frobenius map. Applying R'K'f \ with tt'^^ : X^'p^ — > X the structure map, 
we get i?7r,H*(J7^yg) — Rit^p^^V-^^j,^ g = Ri^'f^ FgD.'^-^^g. Finally using the base change formula 

we get an identification of derived functors 
LF^RTT.n'x/g ^ R-kM{^x/s)- 



^ The reader who feels the need to recall the definition of naive and canonical truncations could profitably 
consult 1 1104 1 
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Combining these formulas and taking determinants we obtain an isomorphism 

£ det(LF^i?7r*f7^/s)(-i)' ( (g) det(i?7r*f7^/s)(-i)' ) . (3) 

i—n \i—7i / 

We may then permute the last tensor product to get an isomorphism 

F*s f (g) det(i?7r,17^/s)(-i)') ^ F:, ( ^ detiRn,n\,^s)^^'^' 

Comparing the obtained formulas for C and FgC we get an isomorphism ip: C F^C, in other 
words we have an F-structure on C. Now, the isomorphism of (|^) is compatible with duality 
(if we use the tensor product of the Hodge duality isomorphisms on the right hand side) and 
so is (^) because the Cartier isomorphism is multiplicative. This implies that is compatible 
with the pairing on C We may now consider the sheaf L (in the etale topology on S) of fixed 
points under ip and we know that C = L ®-p.p Os, so that in particular L is a local system of 
1-dimensional F^-vector spaces. The pairing on C induces a symmetric non-degenerate pairing 
on L and taking (locally) its discriminant gives us a locally constant function from S to F*/Fp*. 
The latter group can be identified, using the Legendre symbol, (^), with {±1} and we shall call 
the resulting function S {il} the Hodge discriminant oi X ^ S. It clearly commutes with 
base change. In particular its value can be computed fibrewise. 

The Hodge discriminant uses the whole cohomology of X/ S. Often we can also work with the 
middle cohomology only. Indeed, if we have an orthogonal or symplectic F-zip (Af, C , D,, ip,), 
we can make the same construction, identifying det M with det gr* C" and det gr, D, , using 
(p to identify i^*(detgr* C") with detgr, _D, and finally using the induced pairing to define a 
discriminant for the fixed points. This yields a Hodge discriminant for the F-zip (Af, C , D,,ip,). 
Recall now (cf., | pg82 , Def. 3.1]) the definition of Ogus' crystalline discriminant: Given an 



orthogonal or symplectic F-crystal AI over an algebraically field k we get an induced F-crystal 
structure on det M for which is a power of p, say, times an isomorphism. Dividing by 
p"^ and taking fixed points we get a Zp-module of rank 1 with a perfect pairing. Taking its 
discriminant and reducing modulo p gives us an element of F*/Fp*, the crystalline discriminant. 

Before stating how these discriminants are related we recall that for a proper smooth variety 
of pure dimension n over a field k of positive characteristic p we have the ^-adic Betti number 
bn{X) (which is the same as the rank of the n'th crystalline cohomology group), the number 
b'n{X) := dim H2fi^{X /k) and the Hodge numbers h^^ satisfying 

b4x)<b:,ix)< ^ h^^ix). 

If b'^{X) = X]i+j=n h^'' (X) then the El'-'-term of the Hodge-to-de Rham spectral sequence equals 
the El^-term for all i + j — n. By dimension counting this then implies the same thing for the 
El'-'-term of the conjugate spectral sequence. Hence the Hodge and conjugate filtrations on 
H2fi{X/'k) together with the Cartier isomorphisms give an F-zip structure on H2]^{X/'k). This 
is symplectic if n is odd and orthogonal for n even. 

Proposition 5.1 Suppose that X is a smooth and proper variety of pure dimension n over a 
field k of positive characteristic p. 

i) Assume that b'^ := dimk i?^^(X/k) = Ei+j=n ("'^)- Hodge discriminant of X 

is equal to (^)''^ ijjjj^g ij^^ Hodge discriminant of the F-zip i?^^(X/k), where x is the 

crystalline (=etale) Euler characteristic of X. If n is odd the Hodge discriminant is equal to 
(-l)x/2. 

a) Ifbn{X) — J2i+j=n then the Hodge discriminant of the F-zip i/^^(X/k) is equal 

to Legendre symbol of the crystalline discriminant of the F-crystal iJ"^jg(X/W). 
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Proof: We start with the easily proven fact that if -> X' — > — > Z ^> -'^ [l] — > is a 
distinguished triangle of complexes (over a field) such the induced map H"{Z') — > ) is 

zero, then we get a diagram, all of whose rows and columns are distinguished. 



z- 



{r<nX-m 

I 



Note furthermore that it is one of the properties of the Knudsen-Mumford determinant (cf., 
|KM76, Def 4]) that the two ways of using this diagram to get an isomorphism 



det(y) ^ dct(T<„X ) det(T>„X ) (g) det(T<„Z ) (g) dct(T>„Z ) 



(4) 



give the same result. 

The degeneration of the Hodge to de Rham spectral sequence and that of the conjugate 
spectral sequence both at total degree i+j — n implies that the necessary conditions are fulfilled 
to apply this and thus allow us to conclude that we have distinguished triangles: 

^ T<„i?r(x, n^'+^) ^ T<„i?r(x, n^') ^ r<„i?r(x, ^ 
^ T>nRr{x,n^'+^) ^ TynRr{x,n^') ^ T>„i?r(x,ov*]) ^ 
^ T<„RTix,w[-i]) ^ T<„RT{x,T>,n') ^ T<„Rrix,T>,+in') ^ 
^ Ty„Rr{x,w[-i]) ^ Ty„Rr{x,T>,n') ^ r>„i?r(x,T>,+iO') ^ 



This gives us expansions 

n 

det(T<„i?r(X, 17')) = det(r<„_,i?r(X,rj'))^"^^' 

1=0 
n 

det(T>„i?r(X,r!')) = {g)det(r>„_,i?r(X,l]0)(-i) 

n 

det(i?"(X,17')) = {g)det(iJ"-^(X,17*))(-i) 

and 

det(r<„i?r(X, n*)) = (g) det(T<„_,^^*ii'r(X,ff 
det(T>„i?r(X, = {g)det(T>„_,^^*i?r(X,17*))(-i)' 

det(iJ"(X,17')) = (g) det(F*iJ"-'(X,ff))'"^^\ 

i—n 

where F Fspcck- 

Now, we also have an expansion 

det(i?r(x, n')) = det(r<„i?r(x, n')) (g) dct(ij"(x, n')) det(T>„i?r(x, o*)). (5) 

We have already given the left hand side an i^-structure and the isomorphisms above give F- 
structures on each multiplicand of the right hand side. However, it follows from (Q) and the fact 
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that the tensor product on graded line bundles is symmetric monoidal that those two i^-structures 
are the same. 

As for the self-pairing we have that the duality induces isomorphisms (T<„i?r(X, fix))* = 
T>nRTiX,n*x)[-2n] and H'^{X,n*x)* = H"{X,n'x). This means that in the decomposition of 
(||) the self-pairing on the left corresponds to a pairing on the right which pairs the first factor to 
the third and the second to itself. This is compatible with semi-linear structure so that when we 
take fixed points under F we get a decomposition L ~ L< L= , with and L> being 

paired to each other and to itself. Taking the signs into account we get that the discriminant 

of L is equal to (^)'^™^ times the discriminant of However, the dimension of L< is equal 
to the dimension of r>„i?r(X, fl^) which is (x — b'j^)/2. Of course, when n is odd is trivial. 
This concludes the proof of i) . 

As for ii) we are reduced by i) to showing that the Hodge discriminant of H2j^{X/'k) is equal 
to the crystalline discriminant of 7?"^jg(X/W). By the Mazur-Ogus result | B078| , Appendix] we 
may choose a basis e}, . . . , e\i,e\, . . . , e^r of H^^^g{X/'W) such that Fe| is divisible by and 
such that the Hodge filtration of H2]^{X/k) is given by Hi = X]j<i J2i<k<hj ^^i^ conjugate 

: j 

filtration is given by = X]j<j: 'I2i<k<h3 ^P~^ Fef. and the inverse Cartier isomorphism is given 
by {p~^ F}. Unraveling definitions then gives ii). □ 

Remark: As the proposition shows, under suitable conditions the Hodge discriminant is equiv- 
alent to the crystalline discriminant. We justify introducing new notation since it would be 
somewhat artificial to use "crystalline" in a situation where it is not relevant; moreover, it makes 
sense more generally, for instance in the case of Enriques surfaces in characteristic two. Please 
note that we have defined the Hodge discriminant to be the Legendre symbol applied to an ele- 
ment of F*/F*^ rather than the element itself. (Of course the Legendre symbol gives a bijection 
with this group and {±1} s o n o information is lost.) The reason for this convention is to make 



the formulas of Proposition |5.2| as nice as possible; otherwise that formula would have to involve 
the inverse of the isomorphism provided by the Legendre symbol. 

The further properties of the Hodge discriminant will differ somewhat depending on whether 
H has even or odd dimension, so we shall discuss each case separately. 

5.1 The Hodge discriminant of an orthogonal flagged F-zip 

We now derive a formula for the Hodge discriminant of an orthogonal flagged _F-zip. In the 
odd-dimensional case we need one more notion. Hence consider a flagged orthogonal i<"-zip 
{H, C* , D,,ip,) of dimension 2rn + 1. We get two induced isomorphisms 

and together with the inverse Cartier isomorphism they give rise to an isomorphism 

On the other hand, we also have a pairing on induced from that of H and it is 

compatible with p* {0'''+'^ / C"') ^ c'^+i/c'™. Hence, we get an F;/F2*-valued discriminant 
by taking fixed points. We shall call it the middle discriminant. 

Proposition 5.2 Let {H, C , (p.) be an orthogonal flagged F-zip. 

i) Assume H has dimension 2m + 1 of type w S . Then the Hodge discriminant equals 

(— 1)"= disc (ui) where d = {~l)™d' with d' the middle discriminant, and s = [r/2]. 

ii) Assume H has dimension 2m of type w G . Then the Hodge discriminant equals 
(-l)"=(^)™discio, where s = [r/2]. 



Proof: For the odd case we may assume by Proposition 4.1 that the F-zip is associated to a 
k-point of Yu), i-c, there is a basis ei, . . . , e2m+i for H with {a, Cj) = 5j,2m+2-j, Fi = I]j<i ke^ ) 
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and Di — X]j<i ^^w-^if) with ipk acting as specified by the construction of the i^-zip on Yw This 
impUes that ^'/.■(enj.+i A e„j^+2 A • • ■ A e„^^ J = efee„-i^g(„^+i) Ae^-i^g(„^+2) A • • • Ae^-i^g(„j^^j). 
Here = 1 when k ^ m and e,„ ±1 with +1 when the middle discriminant is a square and —1 
when it is not. This imphes that the semi-hnear map on the determinant takes ei Ae2A- • •Ae2m+i 
to emet„~i^j,(i) A e^-i^g(2) A • • • A e.^^i^^(^2m+i) = disc{w~^W(i)ei A 62 A • • • A e2m+i- Similarly 
we have that (ci A 62 A ■ • • A e2m+i, ei A 62 A • ■ • A e2m+i) = (— l)™- Now we conclude by the 
mod p version of | Og82 , Formula 3.4] using that d' is a square precisely when is and that 
disc(u;0) = (-1)"=. 

The proof of the even-dimensional case is identical to the odd case except that we always 
have Em = 1. □ 



6 K3-surfaces 

Let iV be a non-degenerate integral lattice. A (partial) N -marking of a K3 surface X over a field 
k of positive characteristic p is an isometric embedding N NS(X). (We recall that for a K3- 
surface the Neron-Severi group NS(X) is equal to the Picard group of X.) The discriminant of 
the marking is the discriminant of the lattice N. We shall only be interested in partial markings 
whose degree is prime to p and thus that will be assumed unless otherwise mentioned. We define 
the primitive cohomology of an A^-polarized K3 surface X as the orthogonal complement of the 
image of iV in Hjj^{X/k). 

The primitive cohomology is an orthogonal i^-zip with dimension vector for its Hodge fil- 
tration being (0, l,n — l,n) for some n. We shall also need another type of F-zip. Hence, an 
F-zip with vector (0, . . . , 0, m, . . . , m) shall be called a Tate F-zip. Tate F-zips thus consist of 
an orthogonal vector space V and an orthogonal F-structure if.F*V-^V. It is thus com- 
pletely described by the orthogonal representation of the Galois group of k given by the action 
on V :~ ker(i^ — 1) on t/{^jj.k. We shall say that the Tate F-zip is split resp. non-split as the 
form on V is. Its Hodge discriminant is then (|) , where d is the discriminant of V. In these 
terms we have that iJj^(X/k) is the sum, as F-zip, of the primitive cohomology and N <^\<l 
considered Tate F-zip. 

Definition 6.1 Let M he a stable partially Bagged orthogonal or symplectic F-zip. 
i) M is final if it is complete. 

a) If M is symplectic or orthogonal of odd dimension then it is canonical if every stable Hag 
is a refinement of it. 

Hi) If M is orthogonal of even dimension it is canonical if every stable flag is a refinement of 
M or possibly, when it exists, its Rip. 

Example: For a Tate F-zip its (trivial) Hodge filtration already is canonical. A final filtration 
is an Fp-rational self-dual flag except that in case the Fp-form is non-split the middle element 
of the flag is only defined over Fp2 . 

Lemma 6.2 Let w be an element ofW^^ or W',^. Assume that for all 1 < i, j < n — 1, where 
we do not have i — j — n/2, 

r (i j) - 1™^*'-^''''"^^'"' ~ ^ ifi<a, 

]^min{j,r^{i,n-l)) ifi>a, 

where a := w~^{l) and n — 2m + 1 in the B-case and 2m in the D-case. Then w is a final 
element and conversely the for w final fulfils this condition. 

Proof: It is clear that r^{i, n — l) = ))^{l<b<i \ w{b) < n — 1} is determined completely 
by w~^{n) which is equal to n + 1 — a. The assumed conditions on then implies that the 
whole function is determined by a and hence so is w. It is easy to verify that a final w fulfils the 
conditions and that there is one such element for each a. □ 
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Proposition 6.3 A Bagged orthogonal F-zip of type (0, l,n ~ l,n) is final precisely when its 
type is a (twisted) final element. 

Proof: Suppose that E, is a final filtration and G, the corresponding conjugate filtration (so 
that C -El C En-i C E„ is the Hodge filtration and C Gi C G„_i C G„ the conjugate 
filtration). For each 1 < i < n — 1 we have by assumption that for every i the subspace 
Gi n En-i + El is equal to some Er (or possibly its flip E'^ if 2r = n). Then for 1 < j < n — 1 

Gi n Ej + El ~ {Gi n En-l + El) (1 Ej = E^C] Ej = i?min(r,j) 7 

where the end result would instead be E^-i if Gi D E^^i + Ei — E'^ and j = r. Now, r^{i,j) = 
dim(Gi n Ej) and in particular Ei C Gi precisely when i > w~^{l) and thus dini(Gj; n Ej + Ei) 
is equal to rjj^{i,j) + 1 if i < w^^{l) and r^{i,j) otherwise (supposing that we do not have 



i = j = 'n/2). This shows that fulfils the condition of Lemma 3.2 and hence w is final. The 
converse is just a matter of tracing the argument backwards. □ 

Recall that two orthogonal F-zips of type (0, 1, n—1, n) are called opposite if their intersections 
have the smallest possible dimensions, i.e., Fi ^ En-i- 

It follows from either the description of the final elements or from the proof of the next 
theorem that the canonical filtrations have the form Ui C U2 C ■ ■ ■ C Uk C Un-k C ■■■Un, 
where the primitive cohomology has dimension n. We shall call Un-k/Uk the middle part of the 
canonical filtration. It comes equipped with a quadratic form induced from that of _ffJ^(X/k) 
and the Cartier isomorphism induces an orthogonal p-linear isomorphism of it (i.e., a Tate F-zip 
structure). The fixed points under the Cartier isomorphism then give an Fp-rational structure 
on the middle part and the quadratic form induces a quadratic form on it. We shall say that the 
canonical filtration is split resp. non-split according to as that form is. 

Theorem 6.4 Let X be a polarised K3 surface of degree prime to p over a field k of characteristic 
p > and let H be its primitive Hodge cohomology of dimension n with m := [n/2]. Then H 
has a canonical filtration. Any final filtration is obtained from the canonical one by choosing a 
complete F-stable filtration and if k is separably closed it has a final filtration. All final filtrations 
have the same (twisted) final type. 

Proof: We start with the (induced) Hodge filtration C i?i C En-i d En = H on the 
primitive cohomology with conjugate filtration C Fi C Fn-i C F„ = ff with Fi = En-i- 
Fi = El then the two filtrations coincide and then this partially fiagged _F-zip is canonical as 
one easily checks. If Fi ^ Ei then we consider the image of Fi in £'„/£'„_i. If this image is 
non-zero then the Hodge filtration and the conjugate one are opposite and we get a stable and 
hence canonical flagged _F-zip. So suppose that Fi has non-zero image in En-i/Ei. We can 
apply Frobenius and use the Cartier isomorphism to get the image F2 in En-i/Ei = Fn-i/Fi. 
We then add to our flag the inverse image F2 of F2 in Fn-i- Now Fi is totally isotropic, hence 
its image in En-i/Ei is as well and as the Cartier isomorphism is multiplicative for the wedge 
product, so is F2 and therefore F„_2 '■— F^ contains F2. We then continue this process: if F2 is 
not contained in £",1-1 then we have obtained a stable filtration. This is also the case if Ei d F2. 
On the other hand if F2 C En-i and F2 ni?i — {0} we consider the image of F2 in En-i/Ei and 
transfer via F and the Cartier isomorphism the image to Fn-i/Fi. Note that each stage of the 
induction Fn-i C En-i precisely when Ei C Fi and thus we will not be forced to introduce any 
new elements to the flag because of the position of Fn-i '■= F^ . It is clear that this process stops 
and gives a canonical flag. That a canonical filtration can be extended to a final filtration and 



that they are all of the same type is easy and similar to the abelian case, see |EG10, Def-Lemma 



2.11]. □ 



7 Canonical filtrations versus the height and Artin invariant 

A natural question is now what the type of the final filtration means geometrically. The following 
theorem will provide the answer. Recall that we can define two invariants for a K3-surface X 
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in positive characteristic, the height and the so-called Artin invariant. The height h{X) is the 
height of the formal Brauer group, a smooth formal group of dimension 1. This invariant assumes 
values 1 < /i < 10 or /i = oo; in the latter case the formal Brauer group is the formal additive 
group. The Artin invariant ctq can be defined for supersingular K3-surfaces, i.e. those with 
= oo by putting disc(7?2(X, Zp(l))) = p^'^o, cf., |Ar74[ . We then have 1 < cto < 10. The case 



/i = 1 is the generic finite height case and ctq = 10 is the generic supersingular case. 

These invariants can be detected by the crystalline cohomology. We therefore recall first some 



facts on crystalline cohomology and the relation with de Rham-cohomology (cf., |B07^, Thm 
8.26]). 

Let W(k) be the ring of Witt vectors of k and let cr be the map on W(k) induced by the 
Frobenius map on k. The second crystalline cohomology group T-L := H'^{X/W(k)) is a free 
W(k)-module of rank 22 and is provided with a W(k)-linear map F : (t*H — > H. We have a 
natural isomorphism from T-L/pH H'jj^{X/'k) and by base change by the Frobenius map on k 
we get an isomorphism a*n/pa*n H^jj{X^p^ /k). If we put := F'^p'^-'n for i = 0, 1, 2, 
then the images Hi of the Hi in a*'H/pa*'H give the Hodge filtration on Hjj^{X'^P^ /k) (with 



El = Hq, En-i — Hi and £'„ — H2 in the notation of the proof of Thm 5^) while the images 



of the Hi := p^^F'H2-i in H^j^{X/'k) give the conjugate filtration. Finally, the inverse Cartier 
isomorphism is induced by the map p~^F: 'H2-i Hi- 

Recall that we choose a marking by giving an isometric embedding N — !> NS(X). In particular 
we have a discriminant d of the marking. 

Theorem 7.1 Let X be a polarized K3 surface of degree prime to p over a field k of characteristic 
p > and let H be its primitive Hodge cohomology of dimension n with m := [n/2]. 

i) If X has finite height h with 2h < n, then H has final type Wh or w'^. When n is even it 
is Wh if the middle part is non-split and w'f^ if it is split. 

a) If X has finite height h = n/2, then H has final type w'^. 

Hi) If X is supersingular with Artin invariant ctq < '^/2, then H has final type Wn-i-aa or 
w^_i_CTo- When n is even it is Wn-i-aa middle part is split and w'„_i_^g if it is non-split. 

iv) If X is supersingular with Artin invariant ctq = then H has final type Wm-i- 

v) The Hodge discriminant of H is equal to (^), wiiere d is the discriminant of the marking. 

Proof: Note that because the discriminant of the marking is prime to p, our space H := 
iJ^(X/W(k)) splits into the orthogonal direct sum 0(W(k) N), where N embeds using 
the crystalline Chern class and a similar statement is true for Hodge cohomology. This gives in 
particular that the Hodge discriminant of i?J^(Ar/k) is the product of the Hodge discriminant 
of the primitive part and the Legendre symbol of the discriminant of N/pN. By a theorem of 
Bloch and Ogus (cf., |Og85 , Thm 4.9]), it is equal to (—1)^^"^ and this together with the relation 



between the Hodge and crystalline discriminants gives v). 

Now, if we perform our construction of the canonical filtration on all of iJ^jj(X/k), it will 
be performed separately on the reduction modulo p of and W(k) N. Furthermore it will 
be completely trivial on the second factor having a canonical flag consisting only of the zero 
subspace and the full space. Hence we may as well work with the full crystalline and de Rham 
cohomologies rather than their primitive parts and we shall do exactly that. Thus now H may 
be identified with T-L/pH. With these results in mind we shall now consider the different cases. 

Case 1. Consider first the case of finite height h. Then H splits as an orthogonal i^-stable 
direct sum 

Mi/^ew(k)22-2'>(i)e A/2-1/,.. 

Here Mi/^ is the Dieudonne module with basis ei, 62, . . . , e,i_i where Fei — pci-i for i = 
2, . . . ,h — 1 and Fei = et-i. Further, W(k)(l)^^~'' is free of rank 22 — 2h with F acting as p on 
a basis. Finally, Mi-ijh is the dual M*y,j^(l) of Miji^ as Dieudonne module twisted once (i.e., the 
Frobenius map is multiplied by p). In particular, M2-i/h hs^s a basis /i, /2, . . . , fh-i with F Ji = 
pfi+i for i = 1, . . . , ft, — 2 and F fh-i = fi- Furthermore, we have an orthogonal decomposition 
^i/h® ]^2-i/h -L W(k)^^^^''(l) which again means that the Hodge and conjugate filtrations 
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will be a direct sum of those of the summands. As before the filtratioiis on the W(k)^^~^^(l) 
factor will be trivial and we hence may restrict to the other factor and will put % equal to 
^i/h® J^h-i/h- There the pairing will be given by identifying M2-i/h with the dual of Mi/h. 
From the description above we conclude that 

{Mi/h)i = pWei + Wea + ■ • ■ + We,i_i, 

{M^/hh = /Wei + pWea + • • • + pWe^-i, 
(M2_i/^)o = pW/i + • . • + pWh-2 + WA_i. 

This implies that Hq has as a basis and Hi has 62, ■ ■ ■ ^eh-i, fi,- ■ ■ , f as a basis. 

Similarly, we get that Hq has en-i as a basis and has ei, . . . ,eh-i, /i, ■ • ■ , fh-2 ^ basis 
and we also see that C^^ : F* (Hi / Ho) — >■ Hi/Hq takes et to e^-i for 1 < i < ft, — 1 and /j to 
7^+1 for < i < /i - 2. 

Now, as we saw during the construction of the canonical filtration we do not need to introduce 
:= of our desired filtration at each stage of the construction but can do it when the 
construction is finished. From the description above it follows that Hq + Hq = heh-i + k/^_]^. 
Transferring by the Cartier isomorphism forces us to add ke;i_2 + '^'^h-i to the refinement of the 
conjugate filtration. Continuing one sees that all the liSfi-i + • • ■ + ke/^_i for i < h must be added 
to the canonical filtration. Then also their annihilators k/„_j + ■ • ■ + kff^_i + Mi/f^ must be 
added. We thus get a canonical filtration with the property that k^2-2/i _ W(k)^^~2''(l) maps 
isomorphically to the quotient of the ft'th and h + I'st step in the filtratio n. We can complete 
such a canonical fiag by adding a complete self-dual flag of W(k)^^~2''(l) which is fixed under 
i.e., an Fp-rational such flag. By comparing our zip to the standard case of Proposition 



3.1 and the form of the final elements one sees directly that these are of type Wh or w'j^. To 
decide whether the form on F|2-2ft. is 

split or not we interpret its discriminant in terms of the 
crystalline discriminant (cf., |Og82|), i.e., the discriminant of the fixed points of p2?i-22^ 



A^^^^"(W(k)^^^^"(l)) multiplied by (—1)^-^"''. As % splits up as the orthogonal direct sum 
of W(k)^^^^''(l) and a hyperbolic space on Mi/^ we see that the crystalline discriminant of T-L 
equals the product of (—1)'' and the crystalline discriminant of W(k)^^~^''(l). It follows from 



Proposition 5.2 that if the type is w, then the Hodge discriminant is — (— disc(?i'). Now, from 



the Bloch-Ogus theorem and what we just proved we get that the Hodge discriminant of the 
middle part is — (— ) disc(?i;) and as it is split precisely when its Hodge discriminant is (— ) 
we see that it is split precisely when disc(u;) = — 1. 

Case 2. Turning now to the case of infinite height let us recall the setup of [ 3g79| |. (As we 



do not want to assume that p — 22 we shall however replace NS Zp by the fiat cohomology 
group H'^{X,Zp{l)), which it is equal to when p — 22). We let N be the flat cohomology group 
i/^(A, Zp(l)) and consider N with F acting as id®F. We then have de Rham Chern class 
map ci : — > i?J^(A/k) and we shall also ci for the k-linear extension N ^ 7?J^(X/k) of 
ci. The kernel of this map plays the central role. We write the kernel of it on the form F*K for 
some sub- vector space K C Af k. We let K be the inverse image of AT in A W. We can 
consider 7^ as a W-submodule oi N ^Q, where Q is the fraction field of W. Then, by definition 
and the fact that pN* C A^, with A^* the dual of A^ with respect to the intersection pairing, we 
have that 71 = p~^a*K. Furthermore, as F = p® a on N ^ W it is clear that 

ni= F-^pn=p-\Kna*K) and Uo = F-'^p^ K = K 

and they map to the Hodge filtration of H . On the other hand, 

n^^^ F{H2) ^<7*^{K) and HI ^ p-^ F {Hi) ^ p-^ {a* K n a*"^ K) 

which then map to the conjugate filtration. Starting our procedure for constructing the canonical 
filtration we see that it stops immediately when Hq = H^, but this is the case precisely when the 
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Artin invariant (Tq equals 1. If not, we add the image E2 of in H/Hq to the Hodge filtration, 
whose inverse image in H then is U2 :— K + a*K + a*^K. The next step is to transfer E2 
via the Cartier isomorphism to get an addition, V2, to the conjugate filtration. As the Cartier 
isomorphism between the "middle parts" of the Hodge and conjugate filtrations is implemented 
hy p~^F — a* we get that the inverse image of 1^ in iJ is given by 

a*K + a*'^K + a*^K. 

The process stops at that stage precisely when a*^K C K + a*K + a*^K which in turn is 
equivalent to K + a*K + a*'^K being stable under a* . However, that in turn is equivalent to 



K + a*K + a*'^K = pTV* W(k) (by [ |loc. cit.| , 3.12.3]) and thus to = 2 (as we have put 



ourselves in the case when ctq > !)■ If not, the process continues, forcing us to add the image of 
(j*K + a*^K + a*^K to the Hodge filtration. If we continue in this way it is clear that we will 
stop &t K + a*K+ - ■ ■ + (j*'^°K which equals pN* W(k). In this way we get an extension of the 
Hodge filtration which ends at i? k, where R is the radical oi N :— N ^Yp. Its annihilator is 
iV k and hence we get that the "middle subquotient" of the canonical filtration is canonically 
isomorphic to N /R k with the natural quadratic structure and the map induced by the Cartier 
isomorphism having N / R as its fixed points. Hence extending the canonical filtration to a final 



one amounts to finding a complete self-dual flag in N/R. We also get from |loc. cit., 3.4] and 



the fact that the discriminant of N{X) is —p'^'^o that the quadratic form on N/R is non-split. 

Also in this case it is evident by inspection from the filtration thus obtained that it is of type 
Wn-i-^o OT In the case where ctq = n/2 we find Wn-i-ao- Iii the general case we see 

that the f -zip is the sum of an F-zip of dimension 2ao and a Tate F-zip which is isomorphic to 
the middle part F-zip. From the multiplicativity of the Hodge discriminant and the case n = 2cfq 
we conclude. □ 



8 Shuffles 



In this section we shall discuss an analogue and generalization of shuffles introduced in | EG10[ . 



They play a role in describing maps between the strata on the flag space. They are a key 
instrument for deciding whether the push forward of the corresponding cycle class will vanish. 

Lemma 8.1 i) Let w be an element of a Coxeter group and suppose that £{wsi) = £{w) — 1. 
Then either (.{siWSi) = £{w) or £{siWSi) = £{w) — 2. 

a) For w an element of W^, or and 1 < i < m we have that £{wsi) — £{w) — 1 
precisely when w{i + l) < w{i) and then £(siWSi) — £{w) — 2 precisely when w~^{i + l) < w^^{i). 

Hi) For w an element ofW^ we have £{wsm) — £{w) — 1 precisely when wirn) > w{'m + 1) 
and then £{smWSm) — £{w) — 2 precisely when w^^{m + 2) < m. 

iv) For w an element ofW'^ we have £{wsm) — £{w) — 1 precisely when w{m) > w{m + 1) 
and then £{smWSm) = ^(w) — 2 precisely when w~^{m + 1) < m. 

v) For w G we have £{wsm) = £{w) — 1 precisely when w{m — 1) > w{m + 1) and 
w{m) > w(m + 2) and then £{smWSm) — £(w) — 2 precisely when w~^(m + 1) > w^^{m — 1) and 
w~^(m -I- 2) > w~^{m). 

Proof: Easy. □ 

Assume now that w S W„ and that £{wsi) — £{w) — 1 for some 1 < i < m. This means 
that for the universal flags E, and G, on the image of G^(^i^ij n in Ei^i/ Ei-i is a line 
bundle. We define a new self-dual flag E'^ on Uw by the condition that E'^ = Ej ioi i j < n 
and E[/ Ei^i be equal to the image of Guj(i+i) ^ Ei+i- This then gives a map 

a^y.U^^F.,,, {E„G,)^{E:,G,) 

which we shall call the i 'th elementary shuffle map for w. We say that the shuffle map is 
unambiguous if there is a u £ W„ such that the image of a^^i lies in lA^. Please note the condition 
i> 1 which ensures that the first and last step of the Hodge filtration are left unchanged. 
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Proposition 8.2 i) The element a^.i for w € W„ is unambiguous precisely when ({siWSi) = 
In that case the image of aw,i is equal to Ug^wsi ^nd a^.i is finite and purely inseparable 
of degree p. 

a) If i{siWSi) = i{w) — 2 then aw,i maps onto Uwsi ^UsiWSi ■ In particular it is not generically 
finite. 

Proof: Assume first that £{siWSi) = £(w). We may locally (in the etale topology) choose a 
basis adapted to the two flags, i.e., an orthonormal basis ei, . . . , e„ of M (on Uw) such that Ej 
is spanned by ei, . . . , ej and G^-i(^j) is spanned by e^-i(^ij, . . . , e^u-iQ). We then have that E'^ 
is spanned by ei, . . . , e^, e^+i. We may further assume that C~^ej = e„-i(j) mod Gj-i for all 
1 < j < n. Put k :— 'w~^{i) and £ :~ w^^{i + 1), we then have, by the assumption and Lemma 



3.1, that k < £. There is a A such that C e^+i = + Xck mod Gi-i. We now put for j < m 




ifj^i,i + l,£, 
e-i+i if j = i, 

\i i = i + and 
+ Aefc if j = £. 

By the assumption k < i we get that E'^ is spanned by e'j^ , . . . , e'j and we may extend it (uniquely) 
to an adapted basis for E', and G',. This makes it clear that {Ej,, G",) is of type SiWSi. 

Consider conversely the universal flag E, on U^, where v — SiWSi and put again k :— v~^{i) 
and £ := v~^{i + 1), where this time k > £ and v~^{i) < u~^(i + 1). We choose as before an 
adapted basis and let E'^ be spanned by ei, . . . , Ci^i+pci and then G'^ is spanned by ei + {pP ~\-X)ek 
and Gi^i. It is then easy to see that {E'^, G",) is of type w precisely when + \ = which gives 
i)- 

We now assume that £{siWSi) — £{w) — 2. The setup is then the same as before except that 
we now have k > £. This means that (E'^, G^) will be of type wsi if A 7^ and of type SiWSi if 
A = 0. The converse is similar to the converse of i) (with the difference that the new flag pair 
will be of type w for all choices oi p). □ 

Definition 8.3 A sequence of elements wi, . . . ,Wr of W„ is said to be a shuffle sequence if for 
each 1 < k < r there is an 1 < ik < m such that £{wkSi^) — £{wk) — 1 and Wk+i = Si^WkSi^ 
with £{si^WkSi^) — £{wk). It is said be ambiguous if there is an ir such that £{wrSi^) = £{wr) — 1 
and £{si^WkSi^) — £{wr) — 2, flnal if Wk is final, and cyclic if there are 1 < j < fc < r sucii that 

Wj = Wk. 

Proposition 8.4 i) For every w G W„ there exists a shuffle sequence starting with w and 
which is either ambiguous, final, or cyclic. 

a) If there is an ambiguous or cyclic shuffle sequence starting with w G W„, then the 
restriction of the projection map Tn — ^ A^n to Uw is not generically finite. 

Hi) Given a final shuffle sequence wi, . . . ,Wr, the restriction of the projection map Tn — > 
to is the composite of a hnite flat purely inseparable map of degree p^~^ and the finite etale 
map Uw^ Vtu^ . 

Proof: Let ui = wi, . . . , be a shuffle sequence which is maximal for not being ambiguous, 
final, or cyclic. In particular Wr is not final and therefore there is an 1 < v < to such that 
£{wrSi^) = £{wr) — 1. If £{si^WrSi^) = £{wr), then by the maximality we must have either that 
y^ir+i '■— Si^Wj-Si^ is final or appears in the sequence so that we get a final or cyclic sequence by 
adding Wi^^^. If £{si^WrSi^) — £{wr) — 2 we instead get an ambiguous sequence thus proving i). 
If there is an ambiguous sequence w — Wi, . . . ,Wr, then the projection map factors by 



Proposition as Uw — >■ l^w^si^ ^^si^w^si^ l^n and as £(wrSi^) < £(w) and £{si^WrSi^) < £{w) 
and hence has an image of dimension smaller than that of Uw . On the other hand if there is 
a cyclic sequence, then the projection factors through an infinite sequence of cr^j 's and as each 
of them is of degree > 1 we get that image has lower dimension. This proves ii). 
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Finally, assume that we have a final sequence w — wi, . . . jWr- Then the projection factors as 
the composite cru,^_j_i^_j o • • • o awx,ix and the projection W^. WrSi l^n- The latter is an etale 
cover of Vw,- and the first is finite purely inseparable of degree p. □ 

We shall call an ambiguous or cyclic shuffle a degenerate shujfle. Proposition 8.4 implies that 
either all shuffles of an element w £ W„ are degenerate or they are all final. In the first case, the 
projection map restricted to Uw is not generically finite on each of its irreducible components and 
in particular the image of [Uw] is zero. In the second the class of the push forward is non-zero 
and equal p^[L(p], where £ is the length of a final shuffle of w to the final element z^. 



9 Final elements 
9.1 Final elements in 

In order to calculate cycle classes of our strata we shall apply a Fieri formula which gives an 
expression of the intersection product of a class of a stratum with a first Chern class in terms 
of cycle classes of strata of dimension one less. For this we need a precise description of the 
colength one elements in the Weyl group below a given final (or twisted final) element. In this 
auxiliary section we describe the elements involved. 

We begin by factoring the final elements in the Weyl group as a product of simple 

refiections. 

Lemma 9.1 The products Wk = SkSk+i ■ ■ • SmSm-i ■ ■ ■ si with 1 < fc < m — 1 and W2m-fe = 
SkSk-i ■ ■ ■ Si with m > k > are reduced expressions for the 2m final elements ofW^. We have 
wi — wijj and W2m — 1- 

Proof: Easily verified. □ 

Note that the final elements are linearly ordered by the their length. We now determine the 
elements of colength 1 below a final element in the Bruhat order. 

Proposition 9.2 i) The elements in of colength 1 below the final element w = Sk ■ ■ ■ Sm ■ ■ ■ si 
with k < m are Sk ■ ■ ■ Si ■ ■ ■ Sm • • • si for i — k, . . . ,m — 1, and Sk ■ ■ ■ Sm ■ ■ ■ Si ■ ■ ■ Si for i — m — 
1, m — 2, . . . , 1. They are obtained from the final element by multiplying w to the right by the 
element Sa, where a is the root ei + ek+i,- . . tm, — ^m,- ■ ■ — ^2 respectively. 

a) The elements of colength one below w = SmSm-i • • • si are the elements Sm ■ ■ ■ Si ■ ■ ■ si for 
i = m, . . . , 1. They are obtained by multiplying w from the right by Sa where a is the root ei, 
ei - Em, ei - Ern-i, . . . , El - 62 respectively. 

Hi) The elements of colength one below w = SkSk-i • ■ • si are the elements Sk ■ ■ ■ Si • ■ ■ si for 
i = k, . . . ,1. They are obtained from the hnal element by multiplying w to the right by the 
element Sa, where a is the root ei — ek+i,- . . ,ei — €2 respectively. 

Proof: We know that the elements of colength 1 below an element are obtained by considering 
a reduced expression for the element, taking the elements obtained by removing one element 
from the expression, and then keeping the elements of colength 1. Lemma ^.l| provides a reduced 
expression. In case i), among the elements obtained by removing one simple reflection from the 
reduced expression clearly the one obtained by removing Sm (when present) is not of colength 
1 and the others are easily shown to be. Finally, if the element has the factorization w'siw" 
and the colength 1 element has the factorization w'w" then it is obtained by multiplying by 
[w")^^ Siw" to the right , i.e., by Sq., where a = {w")~^{ai). From this the rest follows by a 
simple calculation. The cases ii) and iii) are similar. □ 

We shall now consider the elements of colength 1 below a final element and determine if they 
have degenerate or final shuffle type. 

Proposition 9.3 i) The element SkSk+i . . . Sm ■ ■ ■ h ■ ■ ■ si with \ <i<k<mis degenerate. 

ii) The element SkSk+i • • • Sm • • • Sj • • • si with m > i > k has an elementary shufBe to the 
element SkSk+i • • ■ Sm ■ ■ • Si+i ■ • ■ si if i < m — 1 and to SkSk+i ■ ■ • Sm-iSm • • • si if i = m — 1. 
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Hi) For m > i > k the element Sk • ■ • Si ■ ■ ■ Sm • • • si has an elementary shufRe to the element 

iv) The element Sk ■ • ■ Si ■ ■ ■ Si is degenerate if i < k < m. 

Proof: Starting with i) we note that the elements Sj with k < j < i commute with the s; with 
i — 1 > / > 1. This means that ■ ■ ■ s,„ ■ ■ ■ Si ■ ■ ■ Si = Sfc ■ • ■ Sm ■ ■ " ■Si+2Si-i • • ■ SiSi^i and this im- 
plies that we can perform an i + I'st shuffle giving the element Si^iSk ■ ■ ■ s„i ■ ■ ■ Si^2Si~i ■ ■ ■ Si- If 
i + 1 = k this element has shorter length, while ifz + l = k—l we get Sk-i ■ ■ ■ s„i • • • Si+2Si_i ■ • • Si 
and then move Si_|-2 to the right and perform a shuffle with it. We thus arrive at the ele- 
ment SkSk~iSk ■ ■ ■ Sm ■ ■ ■ Si+^Si-i ■ • • Si, and by applying the braid relation we get the element 
Sk-iSkSk~iSk+i ■ ■ ■ Sm ■ ■ ■ SiJ^^Si-i ■ ■ ■ si and by moving Sfc_i, the third factor, this is seen to 
equal Sk-iSk ■ ■ ■ Sm ■ ■ ■ Si+sSi+iSi-i ■ • • si, and by moving Si+i = Sk-i to the right, then perform- 
ing a shuffle by Si+i we get an element of shorter length. If however, i + 1 < k — 1 we get 
Sk ■ ■ ■ Sm ■ ■ ■ Si+3Si+iSi+2Si-i ■ • ■ Si and then we can perform a shuffle by Si+2. Continuing in this 
way this leads to a shorter element. 

We continue with ii) and assume that i + 1 ^ m. Then SkSk+i ■ ■ ■ Sm ■ ■ ■ Si+iSi_i ■ ■ ■ si equals 
SkSk+i ■ ■ ■ Sm ■ ■ ■ Si+2Si-i ■ ■ ■ siSi+1 as the involved simple transpositions commute. This means 
that we may perform an elementary shuffle to get the element Si+iSkSk+i ■ ■ ■ Sm ■ ■ ■ Si+2Si-i • • • si 
which in turn is equal to SkSk+i ■ ■ ■ Si+is^Si+i • • ■ Sm • • • Si+2Si-i • ■ • si. Using the braid rule we 
get that this element equals SkSk+i • ■ • s^Si+iSi ■ • • Sm • • • ■Si-i-2Si-i • • • si and we observe that this 



in turn equals SkSk+i ■ • ■ Sm' ■ ■ Si+2SiSi-i ■ ■ ■ si and this is Sfc • • • SmSi+i ■ ■ • si. By Lemma 9.1 this 
element is reduced so that we have performed an unambiguous shuffle to the claimed element. If 
instead i + 1 = m we have that SkSk+i ■ ■ ■ SmSm-2 ■ • ■ Si is equal to SkSk+i ■ ■ ■ Sm-iSm-2 " ' ■ SiSm 
which an elementary shuffle turns into SmSkSk+i ' • ' Sm-iSm-2 ■ ■ ■ si which on its turn equals the 
element SkSk+i ■ ■ ■ Sm-2SmSm-iSm-2 • • • si, a reduced expression of the right element. 

For iii) note that s^. • • • Si_iSi+i . . . s„ • • • Si equals • • • Si^2Si+i ■■■Sm--- Si_iSiSi_i • • • Si 
by moving Si_i to the right, and by the braid rule equals Sfc • • • Si^2Si+i • • • Sm ■ ■ " SiSi-iSi ■ ■ ■ Si 
in which the last Si migrates to the right to give Sk ■ ■ ■ Si^i ■ ■ ■ Sm ■ ■ ■ SiSi-i ■ ■ ■ Sis^. Performing 
an elementary shuffle leads to SiSk ■ ■ ■ s^+i ■ ■ ■ Sm ■ ■ ■ SiSi^i ■ ■ ■ si which is equal to the element 
Sk ■ ■ ■ SiSi_|_i ■ ■ ■ Sm ■ ■ ■ SiSi^i ■ ■ ■ si. This is, still by the lemma, a reduced expression of the desired 
element. 

The proof of iv) is analogous to that of i) . D 

Corollary 9.4 i) For a Enal element w — Sk ■ ■ ■ Sm . . . si with k < m the only non-degenerate 
elements of colength 1 below w are wsa with a — ei + Cfc+i, • . • , ei + Cm,^! — Cm, ■ • ■ , ei — ^k+i- 

ii) For the final element w = SmSm-i ■ ■ ■ si there is only one non-degenerate element of 
colength 1 below it, namely ws^^ . 

iii) For the final element w = Sk ■ ■ ■ si with I < k < m — 1 there is only one non-degenerate 
element of colength one below w, namely wsei-ek+i- 



9.2 Final elements in 

This section is analogous to the preceding one and we will therefore be brief. 

Lemma 9.5 The products Wk ~ Sk ■ ■ ■ Sm-2SmSm-i • • • si with 1 < fc < m — 2 together with the 
product Wm-i = SmSm-i ' ' ' Si, the elements Wm = SmSm-2 ■ • ■ si and Wm+i = Sm-iSm-2 ■■■Si 
and the products Wm+j — Sm-jSm-j-i • • • si with j = 2, . . . , m are reduced expressions for the 
2m final elements of W^. We have wi — and W2m = 1- 

Proof: Easily verified. D 

For each integer £ with < ^ < 2m — 2 and £ ^ m — 1 there is one final element with length 
£{w) = £ while there are two final elements of length m — 1. We can associate a graph to these 2m 
final elements by associating a vertex to each final element and an edge to a pair u,v if v = sju 
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for some sj. Conjugation by interchanges the two final elements of length m — 1. 



Wm+l 




Wm 



The colength 1 elements below the final elements are given in the following lemma. 

Lemma 9.6 i) There are 2m — k — 1 elements in of colength 1 below the Gnal element 
w = Sfe • ■ • Sm-2Sm • • • Si for k < m — 2 and they are Sfc • • • Sj • • • Sm-2Sm • • • si = wSe-^+ei+i fo-i" 
i = k, . . . ,m - 2, the elements si • • • Sm-2SmSm-i ■ ■ ■ si = ws^^+em! si ■ • ■ Sm-2SmSm-i ■■■Si = 
wSf^-e^, and the elements Si ■ • • Sm-2SmSm-i ■ ■ ■ Sm-i • • • Si = wSd-cm+i-i for i = 2. . . . ,m — 1. 

a) There are m elements of colength 1 beJow the final element w = SmSm-i ■ • ■ si and tiiey 
are wsa with a = ei + £,„, ei - e™, . . . , ei - £2- 

Hi) The elements in of colength 1 below the final clement w = SmSm-2 ■ • ■ Si are 

Sm-2 ■■■ Si = WSei+er,, and SmSm-2 ■ ■ ■ Si ■ ■ ■ Si = WSe-,-ei+i for i = m - 2, . . . , 1. 

iv) The elements in of colength 1 below the final element w = Sm-iSm-2^ ■ ■ si are 

Sm-2 ■ ■■ si = wse-,^e^ and Sm-iSm-2 ■ ■ ■ Si ■ ■ ■ si = wSe-,^ei+i for i = m - 2, . . . , 1. 

v) The elements in of colength 1 below the final element w = Sk ■ • ■ si with 1 < k < m 
are the elements Sk ■ ■ ■ Si ■ ■ ■ si = wSd-ek+i for i = k, . . . ,1. 

Proof: The proof is analogous to the case of treated in the preceding section. □ 

Again, we now consider the elements of colength 1 below a final element and determine if 
they have degenerate or final shuffle type. 

Proposition 9.7 i) The element Sfe ■ • ■ Sm-2Sm • • • Sj • • • Si with i < k < m — 2 is degenerate. 

a) The element • • • Sm-2S,n Si with i > k has an elementary shuffle by (si+i) to 

the element Sk - ■ ■ Sm-2Sm • ■ • Si+iSi ■ ■ ■ si if i < m — 2 and a double shuffle (by Sm-iSm) to 
Sfe • ■ • Sm-2Sm ■ ■ ■ Si if i = m — 2 and k <m — 2 and an elementary shuffle (by Sm) to Sm^- ■ si if 

k = m — 2 = i. 

Hi) The elements Sk ■ ■ ■ Sm-2SmSm-iSm-2 ■ ■ ■ si and Sfc • • • Sm-2SmSm-i • • • si arc degenerate. 

iv) For m — 2 ^ i > the element Sk ■ ■ ■ Si ■ • ■ Sm—2Sm ' * ' 

Si has an elementary shuffle (by Si ) 

to the element Sk • ■ • Si-i • • • Sm-2Sm • • • si- 

v) The element s^ ■ ■ ■ h ■ ' ■ Si is degenerate if m — 1 < i < 1. 

vi) The element SmSm-2 ■ • ■ Sj ■ • ■ si with m — 2>i>lis degenerate. 

Proof: The proof is analogous to the case and is omitted. □ 

Corollary 9.8 i) For a final element w = Sk ■ ■ ■ Sm-2Sm • • • Si with k < m — 2 the only non- 
degenerate elements of colength 1 beJow w are wSa with a = ei + e^+i, . . . , ei + Cm-i, ei — 

Em-l, • • • , El — Cfc+l- 

a) For the final element SmSm-i ■ ■ ■ Si there are two non-degenerate elements of colength 1 
below it, namely wsej+e^ and wsej_e^ 

Hi) For the final element w = SmSm-2 ■ ■ - Si there is only one non-degenerate element of 
colength 1 below it, namely ws^-^-^-^^. 

iv) For the final element w = Sm-iSm-2 ■ ■ • si there is only one non-degenerate element of 
colength 1 below it, namely wSei-e^n- 

v) For the final element w = Sk ■ . ■ si with 1 < fc < m — 2 there is only one non-degenerate 
element of colength 1 below it, namely wsei-efc+i- 
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9.3 Twisted final elements in Wf^ 



The twisted final elements are of the form i«s^ with w as in Lemma 9.5. Similarly, the elements 



of colength 1 below a twisted final element ws'^^ are of the form usj„ with u a colength 1 element 



below w as described in Lemma 3.6, We have to analyze whether these elements are degenerate 



or have final shuffle type. We omit the analogue of Proposition 9.7 and formulate immediately 



the analogue of Corollary 9.8 



Corollary 9.9 i) For a twisted Rnal element ws'^ with w = Sk ■ ■ ■ Sm-2Sm • . • si and k < m — 2 
the only non- degenerate elements of colength 1 below ws'^ are of the form us'^ with u equal to 
wsa with a = ei + e^+i, . . . , ei + e™, and ei - . . . , ei - ek+i- 

a) For the twisted final element ws'^^ with w = s,„s„i-i . . . si there are two non-degenerate 
elements of colength 1 beiow it, namely corresponding to ws^-^^^^ and wSe-^-em 

Hi) For the twisted final element ws'^ with w = SmSm-2 • . • si there is only one non-degenerate 
element of colength 1 below it, namely corresponding to ws^i+e^- 

iv) For the hnal element ws'^ with w = Sm-iSm-2 ■ ■ ■ S\ there is only one non-degenerate 
element of colength 1 below it, namely corresponding to ws^-^^^^. 

v) For the final element ws'„-^ with w — Sk ■ ■ ■ Si with 1 < fc < m — 2 there is only one 
non-degenerate element of colength 1 below it, namely corresponding to ws^-^-^^^-^. 

10 The local structure of strata 

The reason for working on the flag space over our moduli space is that the strata are much 
better behaved than on the moduli space. In fact, up to infinitesimal order < p the strata 



look like usual Schubert strata. This idea of |EG10| and the methods employed there can 
be transferred to our situation. Hence we assume that we have a family f:X 5' of A^- 
marked K3-surfaces (where S may be an algebraic stack). We shall also need to assume a 
versality condition: For any geometric point s of S' contraction of forms by vector fields induces 
a map H^{Xs,Tx^) — > Hom(_ff°(Xs, fi^ ),H^{Xs, )) we can then compose this with the map 
induced by the projection on the second factor of the decomposition H^{Xs, il^ ) = A^{^ k _L P 
and then further compose the resulting map with the Kodaira-Spencer map TgS ^ H^{Xs,T^ )■ 
The required versality condition is that S be smooth at all s and that the composed map 
TsS -> Hom(ff°(X,,rj^J,P) be surjective. 

The space 7>i together with the U^i is a stratified space. The space J^^„ of complete self-dual 
flags on an orthogonal space is also a stratifled space with the stratification given by the Schubert 
cells. The idea is that our flag space at a point can be identified up to the {p— l)st neighborhood 
with the fiag space at an appropriate point. Moreover, under this correspondence the strata 
on correspond precisely to the Schubert strata on This enables us to transplant the 

detailed knowledge about Schubert strata up to order p to our situation. More precisely, if R is 
a local ring with maximal ideal m defining an affine scheme S then the height- 1 hull of R (or 5*) 
is given by R/m.^P\ with m'^-' generated by the p'th powers of elements of m. We call two local 
rings are height 1-isomorphic if their respective height l-huUs are isomorphic. 

Theorem 10.1 Let k be a perfect field k of positive characteristic p. For each k-point x of Tn 
there is a k-point y of J- In such that the height 1-neighbourhood of x is isomorphic to the height 
1-neighbourhood of y times a smooth space by a stratified isomorphism. 

Proof: We consider the de-Rham cohomology H together with the Gauss-Manin connection 
on the height-1 neighborhood Y of x. We can trivialize H plus its Gauss-Manin connection on 
Y since the ideal of x has a divided power structure for which divided powers of degree > are 
zero. This implies that the orthogonal flags E, and G, on H are horizontal. We thus get a map 
from Y to the space of orthogonal flags on a standard orthogonal space, that is, an isomorphism 
from y to a height-1 neighborhood on J-£n- It is not difficult to see that it preserves strata. □ 

The following theorem is the main consequence of this. 
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Theorem 10.2 i) Each stratum Uw is smooth of dimension i{w). 

a) The closed stratum is reduced, Cohen-Macaulay and normal of dimension £{w) and is 
the closure of for all w in the Weyl group. 

Hi) If w is Rnal then the restriction of the projection Tn A^n is a finite surjective etale 
covering from lAw to V^, of degree equal to the number of Rnal filtrations on a canonical filtration 
of type w. 

Proof: This theor em foUows from Thm 10.1 in exactly the same fashion as CoroUary 8.4 in 
Section 8.2 of [ |EG10|| follows from Theorem 8.1 there. □ 

Lemma 10.3 Let w G be a hnal element and let ttu, : lAw -> V«, be the restriction of the 
projection from Tn fCn with n = 2m + 1 . 



i) For l<k<m-lwe have deg(7ru,j^)/ deg(7r„,^^ J = p^™ '^'^ ^ ^'^ ^ 



ii) Similarly, we have deg(7r„„_^^^ J/ deg(7r„^_|_^^) p^*-' i + p^fe 2 ^ 

Proof: Note that deg(7ruj) is the number of final filtrations on a given canonical filtration of 
type w. For case i) we look at the number of lines in a linear space of dimension 2m — 2k over 
Fp, i.e. the number of points in projective space of dimension 2m — 2k. For case ii) we look at 
the number of isotropic lines in an orthogonal space of dimension 2k + 1, i.e. the degree is the 
number of points on a quadric of dimension 2fc — 1. □ 

Lemma 10.4 Let w G be a hnal element and let tTh, : Vw be the restriction of the 

projection from Tn ICn with n = 2m. 

i) For l<k<m~lwe have degin^J/ deg(7r^^^J = _pm-fe-i ^ Y^2ni-2k-2 ^ ^ 

ii) We have deg(7r^„_J = deg(7r^„) = (tt^^+J = (tTiu^+J = 1- 

Hi) Similarly, for 2 < k < m - 1 we have deg(7r^^_|_^^^ J/ deg(7r„^^j^) = p''"^ + Y.TJo^ ■ 



Proof: The proof is the same as for Lemma 10.3 except that the count of isotropic lines are 
diff erent. It also depends on whether the form is split or not but that is provided by Theorem 

m □ 

Lemma 10.5 Let w ~ w's'^ G be a twisted final element and let tt^, : V«, be the 

restriction of the projection from Tn JCn with n — 2m. 

i) For l<k<m-lwe have deg(7r^,J/ deg(7r^^^J ^^m-fc-i _|_ ^2m-2fc-2^j^ 

ii) We have deg(7r„„_J = deg(7r^„) = (tTu^^+J = (tt^^+s) = 1- 

Hi) Similarly, for 2 < k < m - 1 we have deg(7r^^^^.^ J/ deg(7r„^_^J = -p'^^'^ + Ej^o^P''- 

Proof: Again the proof is the same as for Lemma 10. 3| with needed extra information provided 
by Theorem [7.1[ D 



11 Pieri's formula and the cycle classes of the strata 

Since the strata in our case, unlike the abelian case, are (almost) linearly ordered we can fruitfully 
apply a Fieri type formula to get a formula for the classes of V,y. The appropriate formula is 



the Fieri formula of Fittie and Ram (|PR99|). There is a small problem in that the result only 
applies when we start with a G-torsor over a connected semi-simple group G and in our case the 
structure group is the disconnected group 0(n). The resolution of this problem differs somewhat 
in the two cases of even or odd n so part of the discussion is postponed to the separate discussions 
for the two cases. In any case, the Fittie-Ram formula expresses the intersection product of the 
cycle class of a stratum with a first Chern class in terms of cycle classes of strata of one dimension 
less. We have to use the formula on the fiag space and then project it down. The precise details 
of the Fieri formula differ enough between the odd and even dimensional cases to make separate 
discussions in the two cases. Throughout we shall assume the versality assumption made in the 
preceding section. 



CYCLE CLASSES ON THE MODULI OF K3 SURFACES IN POSITIVE CHARACTERISTIC 



23 



11.1 The odd-dimensional case 

We now assume n = 2m+l. Now, 0(2m+l) — S0(2m+1) x {±1} and hence an 0(2m+l)-torsor 
is the same thing as one SO (2m + l)-torsor and one double cover. Thus the problem mentioned 
above is resolved by considering instead the SO (2m + l)-torsor. In concrete terms this means 
replacing our i^-zip vector bundle H by H <^dei{H). 

We want to apply the Fieri formula to the two complete flags that we have on the flag 
space Fn- If we let A = '^^'riili, where ii = ci{Ei/ Ei^i) for 1 < j < m is the first Chern 
class corresponding to the root e.;. The starting point for the Fieri formula is the following 
construction: Given a sequence z = (zi, . . . , Zm) of cohomology classes (of fixed degree) and a 
weight vector A = X^I^i '^i^j (i^ weight lattice of type Bm) we define :— 'Y^^niZi. We 
shall apply this to x = (£i, . . . ,€m) and y — (fci, . . . , km), where ki := ci{Gi/Gi^i) and then, 
for suitable A, we shall consider and j/""^. However, the elements of x and of y span the 
same subgroup of the cohomology so we can also write y^^ as for a suitable A'. Clearly the 
association A A' is a linear operator on the weight lattice. It is easily seen that just as for the 
symplectic case it is given by A' = pw^w^X). From this point on we shall only be considering 
elements of t he form x'^ and for simplicity we shall write them just as /i. The Fieri formula (see 



the proof of | EG10 , Thm 10.1] for details) now takes the form 



l{wsa)=iiw)-l 

The term 1 — pw^w is viewed as an element of the group ring Q[W,^J acting on the roots £i and 
the sum is over roots a such that the length £{wsa) is one less than the length of w. Moreover, 
qT is the usual coroot defined by a. 

To obtain a formula for the multiplication of [Uw] by a given line bundle p we have to solve 
the equation (1 — p'Wiijw){X) = p. If we put v := wi^jW and if we let c be the smallest positive 
integer such that v'^{p) = sp for some s S {±1} then a solution is given by 

1 — sn^ ^-^ 

^ 2 = 

We carry this out with p ^ £i = Xi, the first Chern class of the Hodge bundle, such that we 
obtain a formula for Ai [Uw]- We shall call c the reduced orbit length and say that the orbit is even 
or odd according to as s is +1 or —1. Then we push down to the moduli space. The degenerate 
strata push down to zero and the non-degenerate to a power of p times the push down of a final 
stratum. 

The final elements in this case are of the form Wk = • • • s,„ ■ ■ ■ Si with 1 < fc < m and 
Wk+m = Sm-kSm-k-i ' • ' Si for < fc < m — 1 and W2m = 1- Note that = wi with this usage. 
The corresponding final strata on the flag space are U^k with k ~ 1 , . . . , 2m with corresponding 
strata Vwk on the moduli space. For a final element we denote the canonical map Uw — > Vw by 
TTyj and its degree by deg(7ru,). 

Remark: The strata for 1 < fc < m are the strata corresponding to finite height equal to 
fc, the stratum Vw^+i is the supersingular stratum and the stratum Vw,^^^^ corresponds to Artin 
invariant equal to m + 1 — fc for 1 < fc < m. 

Theorem 11.1 The cycle classes of the final strata Vt„ on the base S are polynomials in Ai 
with coefficients that are polynomials in given by 

i) [V^o,] = (p-l)(p2-l)---(/-i-l)A^i ifl<fc<m, 

ii) [Vuwi] = ^(l>-l)(p'-l)---(p"-l)Ar, 



1 (p^fe - l)(p2(/c+l) _!)... ^2m _ 



m. 
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Proof: We start with a final element w of the form Wk — Sfc • • • Sm • • • si with 1 < fc < m. 
The colength 1 elements WkSa that are not degenerate correspond to the 2m — 2k elements 
ai = ei + Efc+i, . . . ,am-k = ei + em,am-fc+i = ei - e^, ■ ■ ■ ,a2m-2fc = ei - Cfc+i- These are the 
only elements that will contribute to the push down. Note that we have WkSai = Wfc+i, again a 
final element. 

For the element v = w^w we have (1) = 2m + 1 — fc + j for j = 1, . . . , fc — 1 which means 
that the reduced orbit length is fc and the orbit even. We thus find that 

fe-i fe-i 
(1 -pv)Xi ^J2p^v\h) = h - 

i=0 i=l 

Therefore the Fieri formula gives 




where = means that we count modulo degenerate strata. Fushing it down annihilates the classes 
of the degenerate strata and yields 

2m-2fe 

(/ - l)Ai[V„Jdeg(7r„,J = ^ [V„,,^Jdeg(7r^,„^.) 

= (1 + P+ . . . deg(7r^,^J 



since the WkSaj for j = 2, . . . , 2m — 2fc are shuffles of Wk+i — wsa-^ which map to Vw^+i with 
degree p'^^. By Lemma 10. 3| we have deg{TTw^)/ degl-Kuik-^i) = p^m-afe-i ^ _ _|_ x aj^j get 



["•^tffc+i] = ip'' - '^)[^wj for fc = 1, . . . ,m - 1. Since [Vw^] = 1 part i) follows. 

For part ii) we note that there is only one non-degenerate element of colength 1, namely wsa = 
Wm+i and it corresponds to a = ei with a — 2ei. Note that t; = [m + 2, 2m + 1, 2, 3, . . . , m — 1] 
and I]"o^p'w'(^i) = h- J2T=i^ P'^^n+i-i- This gives 

- 1)[V^,J deg(7r„„J = 2 [V^,„^J deg(^^,„+J 

and we observe that deg(7r^„J = 1 = deg(7r^„j_|_j ). This proves ii). 

For the case iii) we consider a final element Wk+m = Sm-kSm-k-i • ■ • si with fc > 1. There is 
only one non-degenerate element Wk+mSa of colength 1, namely Wk+i+m with a = ei — Cm+i-k- 

The element v = wi]jW„i+k ~ [w, 2m -1-1,2,3,.. .] has an odd orbit of reduced orbit length 
m -|- 1 — fc and thus u^+^^'^Ai = — Ai so that Y^^q*' p^ li ^ £i + Yll^i^ and the 

Fieri formula gives 

(pm-fe ^ i)Ai[V,„+fc] deg(7r„„^J ^{p- l)[V^,„+,+J deg(^^„+,^J. 

Here we have deg(7r^„,^^.^ J/ deg(7r„„_|_J = p2fe-i _| 1_ ^ ^-[^{^h gives (p™-^ -|- 1)Ai[V„i+a;] = 

^p2fc _ l)[Vu,„_,.j.^J. This proves the formulas. 

That the formulas are up to a factor 1/2 polynomials in Z[Ai,p] is clear for cases i) and ii) 
and follows from the next remark for case iii). □ 

Remark: The formula for case iii) can also be written as 



-J m-\-l—k 

n (p' -i) 



1 - fc 



where [n,z]q is the usual g-binomial coefficient. 
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11.2 The even-dimensional Ccise 

The reduction to an SO-torsor in the even case is more involved than in the odd case. To begin 
with if we have an 0(2TO)-torsor P ^ X we get a double cover Y := P/S0(2m) X and the 
quotient map P ^ F is an SO(2m)-torsor. However, in order to have a Bruhat cell decomposition 
of P y (which is necessary oven to formulate the Fieri formula) we need a reduction of the 
structure group to B (a Borel subgroup of S0(2to)). This we get from our original setup in the 
following way: We can find a subgroup B' C 0(2m) containing B as a subgroup of index 2 and 
we assume that we have a P'-torsor Q ^ X which then gives rise to a P-torsor Q ^ Q/ B = Y. 
If we look at the corresponding G/P-fibrations (where G = SO (2m)) we get a commutative 
diagram 

QxbG/B > Qxb'G/B 

I I 

Y )■ X 

and we get a Fieri formula to Q x ^ G/B — > Y and then push it down to Q Xb' G/B. What 
happens during this pushdown is the following: The class Ai (which is the only class for which we 
shall use the Fieri formula) is the pullback of a class ox\ Q Xb' G/B so by the projection formula 
it can be moved out of the push down. We get a "Bruhat decomposition" also oiQ Xb' G/B but 
the strata now corresponds to P'-orbits of G/B. Such an orbit is a union of one or two P-orbits 
depending on whether or not an element in P' \P fixes the P-orbit or not. Hence, the projection 
Q Xb G/B — >■ Q Xb' G/B maps Bruhat strata to Bruhat strata and two strata and U^^r in 
Q Xb G/B are mapped to the same stratum precisely when either w' = w or w' = s'^ws'^j^^. In 
our specific case the P'-bundle arises by starting with a G'-torsor (G' = 0(2m)) P X and 
then pulling it back along P Xq' G' /B' (note that G' /B' = G/B) where this pullback has a 
canonical reduction of its structure group to P'. 

In flag terms we have the following description. Let P be a quadratic vector bundle of rank 
2m over X. The pairing on it induces an isomorphism det(P) det(P) Ox and hence 
gives a double cover Y ^ X. We can also consider the almost complete flag space T X 
of self dual flags C Pi C P2 C • • • C P^-i C P^+i C • • • C p2m = E with dimPj = i. 
The fibre product T' ■.= Y Xx has the explicit description as the space of complete self dual 
flags C Pi C P2 C • • • C Pm-i C Ejn C Pm+1 C • • • C P2m = P and the double cover 
involution on Y induces the operation on such flags which replaces P^ by the other totally 
isotropic m-dimensional subspace Pm-i C P^ C Pm+i- The fibre product J^" := T' Xx 
consisting of pairs {E,,F,) of complete self dual fiags split up in two components: one is J^q , 
where dim(Pm nP™) = m mod 2, and the other one is J^[', where dim(Pm nPm) = m + 1 mod 2. 
The group Z/2 x Z/2 acts on J^' Xx a group factor acting on the corresponding factor of 
J^' XxT' . The elements (1, 0) and (0, 1) permutes the two components and (1, 1) preserves them. 
Each element w € gives a stratum of T" consisting of the fiags in relative position w. When 
w G W^, the stratum lies in J^// and when w G W^sJ„ it lies in J^". The group clement (1,0) 
then takes the stratum of w to that of ws!^ and the element (0, 1) takes w to that of s'^w. 

11.2.1 The untwisted even case 

The first step in getting to a Fieri formula is to identify the linear map that takes A to A'. This 
time it is not given by pw^w as wi^{m) = m + 1 which does not have the desired effect. Instead 
we have to use the linear map pw'^w because W0(m) = m. This means that Fieri's formula takes 
the form 

(1 - pw'^w){\)p^] = - ^)[^-«J 

t.{wsa)=t{w)-l 

Recall that the final elements circ the lui elements W]^ — S}^ . . . s^—2^m • • • si for k = 1, . . . ,m — 2, 

Wm-l = SmSm-l ■■■Si, Wm = SmSm-2 ■■■Si and Wm+j = Sm-j ■■■Si for j = 1, . . . , m - 1 and 
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W2m = 1- Moreover, there is an automorphism of W,^ interchanging Wm and given by 

conjugation by sj^^. 

Theorem 11.2 The cycle classes of the final strata V^, for final Wj E on the base S are 
powers of Xi times polynomials in \'L\p\ given hy 

i)_[V^J - (p-l)(p2-l)---(/-i-l)A^i iffc<m-l, 

ii) [KwJ = (p-l)(p'-l)---(p"-^"l)Ar', 

iii) [V. ,J = i n"i'(P' ' l)n"^ fe+2(p' + .f2<fc<^. 

2 nltb' + i)nl-i'b^-i) " " 

Furthermore, we have that Vu,„ = 0. 

Proof: Let = Sk ■ ■ ■ Sm-2Sm ■ ■ ■ si be a final element with f < fc < m — 2. There are 
2m — 2fc — 2 non-degenerate elements of colength 1 under Wk and they are of the form wsa with 
ai = ei + Efe+i, . . . , Um-k-i = ei + em-i and a.m-fc = ei - fm-i, • • • , a2m-2fe-2 = ei - e/c+i- We 
find that := w'^Wk has an even orbit of reduced orbit length k and 

fc-i 

(1 -pu)Ai = ^1 - 
Therefore the Fieri formula gives 

(/■ - l)Ai[Z7,„J EE Er=f "'(ei + - Y!lZlf^k+l-^)Pn,s^^] + 

where = means again that we work modulo degenerate strata. Pushing it down annihilates the 
classes of the degenerate strata and yields 

2m-2fc-2 

(/ - l)Ai[V„Jdeg(7r„J = ^ [V^,^ J deg(7r„s^^ ) 

= (1 + • • + . . ■+p''^-^''-^)[V^,,,] deg(7r.,^J, 



since the WkSaj for j = 1, . . . ,m — fc — 1 are shuffles of Wk+i — wsag for which lAwkSa- maps 
toWtUfc+i with degree p-*"^, while for j = m — k, . . . , 2m — 2fc — 2 we get degree pK By Lemma 

Wk + l 



10. 3| we have deg(7ru,j^ ) / deg(7r^^^j ) = p^™ "^^ ^ + fe+p™ ^ 2_| ^^d hence get 



[Vujfc+i] = {p^ - l)Ai[Vu,fc] for fc = 1, . . . , m - 1. Since [VuiJ = 1 part i) follows. 

For part ii) we consider the final element w = SmSm-i ■ ■ ■ si and see that v :— w'^w has an 
even orbit of reduced orbit length m — 1 and that (1 — pv)Xi = £i — p^£m-i- In this case 

there are two non-degenerate elements of colength 1 namely wSq^ with Oi being equal to 6i -t- Cm 
and £1 — em respectively. Applying the Fieri formula and pushing down first to the unoriented 
flag space and then to the moduli space we get 

_ l)Ai[Vm_i] deg(7ri„,„_J = [Vi„„^+^,„+J deg(7r^,^). 



By Lemma 10.3 deg(7r^^_j) = deg(TTiu^^) = 1 which gives ii) after pushing down. 

For part iii) we consider the element Wm = SmSm-2 • . • si- 
orbit of reduced orbit length m and we have 



(1 - pv)Xi ^£i- pirn + ^ P*^m+1- 



4=2 
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There is now only one non-degenerate element of colength 1, namely WmSa with a = ei + 
We get 

(p™ + l)Ai[V^„+^,„_J deg(7r^„J ^ {p - l)[Vi„,„+J deg{TT^^^^). 



Again by Lemma 10.4 we have deg(7rtu^) ~ dcg{TTi^^^^) — 1. 



Now take w = Wm+j 



. si with j > 2. The element v :— wLw has an odd orbit of 



reduced orbit length m — j + 1 . We get 

m-j 

(1 -pv)\i = ^1 + ^ 



There is again only one non-degenerate element wsa with a — ei — em+i-j- Therefore {a, A) 
{l-p>-^). We find 

^pm+i-j + i)Ai[V^^^Jdeg(7r^„^J = ip^-' - l)[V^„^Jdeg(^„„+^.^J. 



By Lemma 10.4 we have deg(7r^^_|_ .^j) deg(7rtu^^ . ) = p^-' ^ + • ■ • + 2p' ^ + ■ • ■ + 1. Using the 

factorization p2j-2 ^ \-2p>-^ + ■ ■ ■ + 1 = {p>-^ + l){pi-^ +p3-'^ -\ hi) = {l+pi-^)/{l-p3) 

and iterating we get the formula. As there is only a small number cases, the fact that one 



gets polynomials is most easily verified by explicit computation (one could also use |EG10 
Prop. 13.2]). C 

Remark: Similarly to the odd case we can write the third formula as 

,fc-l , 1 rn+l-k 



9^ n 



m 
k - 1 



though this does not make it visibly a polynomial in p. 



11.2.2 The twisted even case 

We now turn to the twisted even-dimensional case. Going back to the previous notation we 
have the space F" of pairs of complete flags of H where H now is the de Rham cohomology of 
the universal K3-surface. We have a disjoint decomposition J^" = Jq' CJ J^", where Jg' is the 
G/B-fibration over jF' with structure group B and where we consequently have a Fieri formula. 
However, the F-zip structure on H gives a section of the projection (on the first factor) — > J^' 
which is contained completely in -F('. In order to get a section along which we can puUback a 
Fieri formula on JFq we must compose with the isomorphism J-"" J-q obtained by applying 
the involution of J^' acting on the second factor (say) of J-'" . This extra involution implies that 
the linear map A i— ^ A' is now given by pwtjjW (and not by pw'f^w as in the untwisted case). Apart 
from that the argument of the Fieri formula proceeds along lines very similar to the untwisted 
case. 

Recall that the final elements for fc = 1, . . . , m— 

2, Wm-l = SmSm-l ■ . ■ Si, Wm = SmSm-2 ■■■Si and Wm+j = Sm-j . . . Si for j = 1 , . . . , m - 1 and 

W2m = 1- 

Theorem 11.3 The cycle classes of the final strata Vw for twisted final elements wj € W^s^ 
on the base S are powers in Ai with coefficients that are polynomials in ^'Zi[p] given by 

i) [V^J = (p-l)(p'-l) •••(/-' -l)At-i iffc<m-l, 
ii) [V^J = (p-l)(p'-l)---(p™-l)Ar\ 

L ---J 2 nt/(p^ + i)nti'(?''-i) - - 
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Furthermore, we have Vui„+i — 0- 

Proof: Let Wk — Sk ■ ■ ■ Sm-2Sm ■ ■ ■ si be a final element with 1 < fc < m — 2. There are 
2m — 2k non-degenerate elements of colength 1 under Wk and they are of the form wsa with 
ai = €i + efc+i, . . . ,am-k = ei + fm and am-k+i = ei - Cm, ■ • • ,a2m-2k = d - Cfe+i- We find 
that V := WijjWk has an even orbit of reduced orbit length k and 

fc-i 

i=l 

Therefore the Fieri formula gives 

ip' - l)Ai J = E^J-q'^ (ei + ek+, , ~ Eti' P%+i-.Wros^^ ] + 

where = means again that we work modulo degenerate strata. Pushing it down annihilates the 
classes of the degenerate strata and yields 

2m-2k 

(p'=-l)Ai[V^„Jdeg(^„J - J2 ['^».+i]deg(7r„s„^.) 

= (1 + . . . + 2p™-''-i + . . . +p2"-2'=-2)[K„+J deg(^^,^J, 



since the WkSa- for j = l,...,m — fc are shuffles of Wk+i — wsa^^-^ for which lAw^Sa maps 

to Uwk+i with degree p-'~^, while for j = m — k + 1, . . . ,2m — 2k we get degree p^~^. By 
Lemma 10.4 we have deg(7ru,j^)/ deg{TTw^^^ ) — p2m-2fe-2 _j_ _ _j_ 2p™-k-i _j ^ ^ and hence get 

[Vu,fc_|_i] = (p'' - l)[Vu.fc] for fc = 1, . . . ,m - 1. Since [Vwi] = 1 part i) follows. 

For part ii) we consider the final element w — SmSm-i ■ ■ • si and see that v :— w^w has an 
even orbit of reduced orbit length m — 1 and that (1 — pv)\i = £i — X^ta P^^m-i- In this 
case there are two non-degenerate elements of colength 1 namely wSa with ai — ei + e,„ and 
a2 = ei — Em- Applying the formula we get 

(p""^ - l)Ai[V,„_i] deg(7r„„,_J = [Vu,s„ J deg(7r„,„) + [V,^,^,, J deg(u;,„+i). 

By Lemma [10.4 deg(7ru,,„_i ) = deg(7rio^) = 1 which gives ii) after pushing down. 

For part iii) we consider the element Wm = SmSm-2 . • . si- The element v :— w^w has an 
even orbit of reduced orbit length m and we have 

m— 1 

(1 ~pv)Xi = +piyn ~ ^ p'iyn+l-i- 

i=2 

There is now only one non-degenerate element of colength 1, namely WmSa with a = ei + e,„. 
We get 

(p™ - l)Ai[V„„J deg(^„„) = (p+ l)[V^„+i] deg(^„„+J. 



Again by Lemma 10.4 we have deg(7rtu^) — deg{-Kw,^+2) = 1- 

Now take w = Wm+j — s,-a-j . ■ ■ Si with j > 2. The element v :— Wi/jW has an odd orbit of 
reduced orbit length m — j -I- 1. We thus get 

m-j 

(1 -pv)Xi = £i -f ^ P^em+2-]-i- 
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There is again only one non-degenerate element wsa with a = ei — e„i+i-j. Therefore (a, A) 
(1 -pJ-i). We find 



^pm+i-j + i)Ai[V..„^J deg(7r^„^J = {p^-' - 1)[V^„^J deg(x 



2j-2 . 



By Lemma 10.4 we have deg{TT^^^^^^-^ ) = p + ■ ■ ■ + p' + p' + Using the factorization 



+ p' ^-p' +■ • - + 1 = {p' + l){p' +p' + • ■ • + 1) and iterating we get the formula. 



P 

Again the polynomiality is most easily verified by explicit computation. 
Remark: This time formula iii) can be rewritten 



m—k+l 



2 



m 
k-1 



Remark: It is not unreasonable to conjecture that the Vw^. are complete for k > 3. Moreover, 
the class Ai is conjectured to be ample on the moduli space. In characteristic this follows from 
Baily-Borel. If this is true then the open strata Vw^ for fc > 3 are affine. 



12 Applications 

We shall now discuss two applications both pertaining to the even case. 
12.1 (Quasi-)Elliptic fibrations with a section 

If X is a K3-surface and / : X ^> is an elliptic (or possibly quasi-elliptic in characteristc 3) 
fibration with a section E C X a section, then E and a general fibre F span a hyperbolic plane 
H in NS(X) thus giving a H-marking of X. Let now TW*^* be the stack of K3-surfaces together 
with a (quasi-)elliptic fibration (with base P^) with a chosen section on it. As the choice of an 
ample line bundle is not part of the choices made let us take a moment to explain why this 
is an algebraic stack. We can consider the stack of K3-like (i.e., a surface with rational double 
points only as singularities and whose minimal resolution is a K3-surface) with an (quasi-)elliptic 
fibration with a section and irreducible fibres which is smooth along the section. Three times a 
fibre plus the section is an ample divisor and hence the stack of such surfaces is algebraic. Then 
Ai^^ is the Artin-Brieskorn simultaneous resolution stack of it. 



Proposition 12.1 A4'^'' is of twisted even type of rank 20 so that Theorem 11.3 applies with 
m = 10. In particular ctq — 10 is not possible. 

Proof: We start by verifying the versality hypothesis for TW*^^. Let us therefore fix a geometric 
point X — )> Spec k. Recall that deformations of K3-surfaces are unobstructed and the derivative 
of the period map H^{X,Tx) — >■ llom{H'^ {X , il^) , {X , il^^)) is an isomorphism. Consider 
now the closed (formal) subscheme A of some formal universal deformation X S oi X defined 
by the condition that the H-marking of extend over A. Then A is defined by two equations and 
its tangent space, as a subspace of H-^{X,Tx) is given by the condition that v ■ ci{C) = € 
H'^{X,Ox) for all fine bundles £ e H and where ci(£) G H^{X,nx) is the Hodge cohomology 
Chern class (induced by dlog: Ox ^x)- degree of the polarization is prime to p, c\ 

gives an injection ]HI{^k ^ H^{X,Vl\^) and hence the codimension of Ts{A) in Ts{S), where s 
is the closed point of S, is 2 and hence A is smooth. Furthermore, it also follows that To (A) 
maps isomorphically onto Hom(iJ"(A', 51^^ ), P), where P is the primitive part of 7J^(X, fi^c)- 
This gives the required versality for the stack of H-marked surfaces. What remains to show is 
that if the marking of X comes from a (quasi-)elliptic fibration with a section then so does any 
deformation of it. For the fibration we let C = Ox{F) be the line bundle of a fibre F. Then 
H^{X,C) — and hence for any extension of it (to some closed subscheme of 5*), its direct 
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image will be a vector bundle E of rank 2 which gives a map to the P(f )-bundle extending the 
(quasi-)elliptic fibration. Similarly, the section is a (— 2)-curve E and as H^{X, Ox{E)) = any 
extension of Ox (E) will give an extension of the curve which then is a section. By construction 
both line bundles extend over A. 



As the discriminant of H is —1 we get by Theorem 7.1 that the Hodge discriminant of the 



primitive part is equal to 1. Then from Proposition p.2\ (and the fact that in the notations of 



that proposition m — 10) we conclude that we are in the twisted case. Theorem 11.3 then gives 
the classes of the height and Artin invariant strata (together with the fact that ctq ~ 10 is not 
possible) . □ 

Remark: There is an alternative way of excluding ctq = 10 similar to the way Artin excluded 



(To = 11 for a general supersingular K3-surface. By |ASD73| a supersingular (quasi-)elliptic K3- 
surface X has p = 22 and by the fact that H is unimodular we get that NS(X) = H _L P. If 
(To(X) = 10, then the scalar product on P is divisible by p and P{l/p) is a unimodular even 
negative definite form of rank 20 which is not possible as its index, 20, is not divisible by 8. This 
argument has the advantage of working also for p — 2. 

12.2 Proof of Theorem A 

In order to prove Theorem A of the introduction we need to verify the versality condition as 



the theorem then follows from Theorem 11.1 . However the proof of the versality is completely 
standard and essential the same as the proof in the previous case of elliptic surfaces with a 
section. 

12.3 The canonical double cover of an Enriques surface 

We let N be the lattice i?io(— 1) = M.±Es(—l) and we fix a chamber (inside of the positive cone) 
with respect to the roots of N (see | |CD89 , II:§5] for a discussion of chambers in £'io(— 1)). Let 



A4^ he the moduli stack of marked Enriques surfaces where a marking is an isometry between 
the standard Enriques lattice A^io = H ± i?g(— 1) and the Neron-Severi group taking the fixed 
chamber into the ample cone of the Neron-Severi group. We can then construct J\A^''^ M.^ , 
the moduli stack of canonical double covers of marked Enriques surfaces (i.e., while M^(S), 
for a scheme S", is the groupoid of families of marked Enriques surfaces over S", AA^''^{S) is the 
groupoid of families of marked Enriques surfaces together with an unramified double cover of the 
Enriques surface which is fibrewise non-trivial). 

Remark: Note that M.^^'^ — >• M.^ is not an isomorphism but rather a (non-trivial) Z/2-gerbe. 
The non-triviality is reflected in the fact that given a family X — > S* of Enriques surfaces a 
canonical double cover is a double cover X' ^ X which is non-trivial over every geometric fibre 
over S. There is an obstruction in H^{S, Z/2) which in general is non-zero to the existence of 
such a cover, making "canonical double cover" something of a misnomer. 

Pulling back the Neron-Severi group along the universal double cover X' X over J^^-'^ we 
get a marking by N{2) of the family X' — !> M^-'^ of K3-surfaces. 



Proposition 12.2 tW^''^ is of twisted even type of rank 12 so that Theorem 11. c apphes with 
m — 6. In particular ctq = 6 is not possible. 

Proof: Again we start by verifying that Ai^'"^ fulfils the versality condition. We use the 
fact that Ai^'"^ also can be described as the stack of K3-surfaces together with t, a fixed point 
free involution. Its tangent space is then the space of linear maps H'^{X,n]^) — > H^{X,rtx) 
commuting with the involution. Now, t acts by —1 on H^{X, and by -1-1 on iV(2) {^k and 
— 1 on P under the decomposition H^{X, fix) — N{2) {^k _L P which gives what we want. 
The marking has discriminant —2^^ which is —1 up to squares just as in the previous example. 



Hence we are in the twisted even case (with m — 6) and again Theorem 11.3 applies. □ 
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Remark: Also in this case there is an arithmetic proof of the impossibility of =6. The proof 
does not extend to characteristic 2 however as the polarization is not of degree prime to 2 (and 
the situation is in fact quite different in characteristic 2). 
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